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~ ~ ~ R O ~ U C ~ ~ O ~  

The dersfgn of a nodern wind tunnel together w%th ita 

shops, offiaes, and labomtorlea suoh as the &foot %ran- 

sonfct tunnel OP 'bhs U1.r%ta;ply Plan 4- by k-f'oot supefraonfo 

tunnel designed by and built for the Eational Ad'g3t~0 

1 
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aont ra l  fop  wind tunnels, by the authop 

ofapatcity of s t r u c t w a l  cies2gna? POP the 

E;Ta.t;ional Ad-aory C: %tee  fop Aeronautics alt; nglsy Field, 

Va. The material  contained herein ia offsred 8 8  an a%d to 

the  strmetural e ~ i n e s r  fn Lhs or ig ina l  design of the main 

strueLme and i t s  appwtenances or, i n  pmt, 8 8  modif%cm- 

tSom .t;o a oonrprsesd structwe. 

SToisd5and gfbratftoa cont ro l  fop wind tunnels ~ E B  a 

specialSzed subject. Rowever, most OS the m2;erial  C o w  

ta ined heretn, if conaidered Individually,  has much mar0 

general apg$fcatesn as w i l l  be noted. 

topics ,  helfcd.  ~ g g ~ l n g s  and k u r n i n g  vane mpport, ar0 

amangsd as i36lf'-~SOntafm3d w ~ A t s  fn the appendix due as 

much t o  their general appl toat ion as t o  the i r  10143th~ of 

ocmtext. 

I n  f ac t ,  two of the 

m8kt~ia3 oFf@ped 88  noise a& vibra t ion  

aontxwl may be e h s s f f i e d  In to  two par t s ;  quankitative and 

qual f ta t fve  c o n t ~ o l .  

f o r  eh gredictSons o m  be merde that; can be rsasombly 

verif%sd by teenti 

wMch ZogicazlLy and by axpspiencs has m w i t  but cannot 

cseasi8-y be verified by tes t ing.  

Quantitative C Q ~ ~ W O X  is the  ~ ~ 8 ~ ~ ~ 0 ~ ~  

litcat%ve cont ro l  is the  treatmen% 

Although the degree of neritt 

as noise and vfbrat ton oont~ol are 

a 
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and economy, make the qua l i ta t fve  control measures d f s c u s e d  

hemin worth coz-midaratfon, 

Noise control  shall be defined as: the acoustic 

treatment necessary t o  reduce the noise level ,  a t  a spec i f i c  

location, a predetemined mount without %&xibiting the 

functions of %he noise source and the audftors by more than 

a predstemfned acceptable amount. Ths t e rn  audi tor  r e fem 

t o  a p e ~ s o n ~  ins”crumen%, or piece of equ2pm0nt that is 

concerned with noisss, 1’IJoise control,  a8 defined above, is 

not merely m i s e  reduction but includes reasonable 

predictions for the noise reduction and the loaa of 

eff iuieacy,  If any, of the noise sourue and the tpudftors, 

The problem is frequently compLicated by the existence of 

several noise S O W C ~ M  OP one or more) prlmary sowcxa  or  o m  

or mom seoondary soum88. 

p ~ o b l e m  nay Include the evaluation of the primary and 

secondapy noise S O W P C ~ E S ,  the relhfttfve 

and the applicatfon of acoustic treatment for one or mom 

o? the noise aowces .  

treatment may neglect; the noise s o w o e s  and be appl ied t o  

the audi$ors i n  such F o m  aa sound p r o d  motr18, boo’bhfs, OY? 

contafmrs fi helmets , arrtd ewpluge. 

Therefore, the noPse conP;’rol 

~n spec ia l  cases, the aeoustfc 

fn genqral,, %he noise conttrol problem i s  not s h p l e ,  

V e ~ y  fetv problems a m  s%mflar but most problems oontrf’btx%e 

ussfzal srxpsrisncm fop fu.t;we application, Paradoxically, 
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due, pr inc ipa l ly ,  t o  the f a c t  t ha t  human beings, as 

audi tors ,  a m  able  t o  r e g i s t e r  complaints and 80 ind ica te  

s e n s i t i v i t y ,  

The detr imental  effectas of noilse upon the  average 

human audi tor  are dependent* upon, pr imari ly ,  the i n t e n s i t y  

and frequency of the  noise reaching the audi tor  and, second- 

a r i l y ,  the funct ion of the audi tor .  The e f f eo t s  vary, I n  

increasing order ,  from minor annoyance, loss  of eff ic iency,  

headaches, nausea, t o  ac tua l  pain and possibly permanent 

physical  damage. Annoyanos and loss  of e f f i c i ency  are 

dependent upon the audi tor ' s  funct ion,  For instance,  i f  t he  

funct ion of t h e  human auditor i s  t o  s leep o r  recuperate from 

i l l n e s s ,  h i s  tolerance t o  notere may be considerably less  

than otherwise. Furthermore, the  annoying o r  distracrting 

e f f e c t s  of noise a re  greater  f o r  those human auclitore 

engaged i n  s k i l l e d  and professional  du t i e s  than f o r  those 

engaged i n  unski l led o r  rout ine dut ies ,  Figures 1, 2, 

and 3 I l l u s t r a t e  the e f f e c t s  of noise upon human audi tors .  

These f igu res  a re  the r e s u l t s  of hundreds of t e a t 8  and 

represent avmages: consequently, any pa r t i cu la r  audi tor  may 

deviate  from the average. However, these figures ape usefu l  

i n  prediat ing the  detr imental  effeats t h a t  may be produced 

by 8 noise generator.  
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FIG. 1. Relation between Loudness and Loudness Level. 
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SCHEMATIC REPRESENTATION OF INTENSITY AND FREQUENCY CHARACTERISTIC! 

OF THE HUMAN EAR AND LOUDNESS OF SOUNDS 
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should be mads t o  include as rrzany of thsss i n  the original 

design as is feasfbls. 

Ef 8 wind tunnel exis ts ,  1s fn operation, and proves 

t o  be a noise generator t o  an objecttonable degpee, the 

problem of noise control 7 be less complicated than if the 

wind tunanel f s  s t i l l  i n  the deslgn stage, A noise gurvey of 

the e d s t i n g  Mad tunnel can be made, ZIhrzt frequencies 

anaI.yze8, the location of %he pr y and possibly several 

secondary nofse sowpces dete~miruad and then m d i f  iolatfons 

made f o r  esntrolJing the  notsee For trks 08963 of the wind 

tmuml i n  the des5gn stage, consfdsrable di f f icu l ty  mrsxy 

arise %n meking masonable predfctionsr Tor the noiae level, 

frequenoies, anti prfrrmary and secondary sowces, but i f  thPs 

can be accomnqpl%shed, then the noise control measwes can bs. 

more easily incorporated in tks o ~ f g f m l  design land oonatruc- 

tion than as modjtffcatiom after cmpletforr, It Follows, 

tkerefospe, that ~ r ~ d e ~ ~ ~ ~ t ~ ~ ~  o f  pr9rstary and secondwg 

noise SOUTOCBB and their  Intensity and qua2iey has gmat 

advantage for nuise control and oons2derable effort should 

be expended For %ha% achievement. T f i e ~ e  fs no genmal 
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consfsting of two parts; energy of motPcln of ths a$r~ as a 

whole, and d.gn&c or o a c f l l a t o r y  energy. The dymmfo 

energy 2s va3,uel@ss et& getnerttlfy obJectionable, for that 

part  of the anergy with easnpl%tude and fr equancy 

within the audible range i s  noise. ~ t h s s m o r e ,  since the 

energy of the fain is l imi t ed ,  the dynamic energy 

within the  alr stream repressnta a funct ional  losa fur the 

wfad tunnel, f o r  from the law of conssrvatfona of 0ne~"gy, 

loss mass f l o w  energy is available,  m i c  enwgys in 

addition %a that directly imparted by the fan, is opeate8 

wi th in  the air stream by twbu len t  air flow ooraditjlons, 

Usually, turbulsnt flow r e s u l t s  from cbwss in configuration 

of the turnel s t r u c t w e  and the presence of obstrucefons in 

the a b  s%re?am such as stpuctural support ing member8 and 

turniw and counter vanes,, The d-fc tw'fgulont energyj 

ltke %hat bpazo&;ed by the fan r e p r e s e n t s  a. fuc t ionse l  energy 

108s and fa et rzo;kse g e a ~ ~ a t o r  as se l l .  F r o m  the standpoint 

of q u a l i t a t i v e  noes@ con t ro l ,  it is advmtageoue to 

elSlnfnato or  prevsat the creat ion of a& muck dyndfc  energy 

wi thfn  the air stream 8 s  is feasible ,  ~hfck, of' c o w a e ,  Ea 

desirable f o r  turxlsl efffof0ncy as %ell amzd usually considera- 

tion fs given t o  turbulemcs prevention Zn wind tunnel desfgn, 

In the originah design, s/f mare csnsfderatfon BVW@ 

given t o  the pmventfogz and e l .h i rBt ion  of d fc emrgy, 

it  i s  quite poss ib le  that tka required ~scmnoufzt af ezeoustic 



treatment, o f  

'J 

the type that has no other function than 

e f f ec t  in ret3ucing the dy6namec anergy at i t s  soume. A 

satisfactory system of this type ntfght not prove Pearsible 

%ion of turbulence daomping sc~eerm in the  afnd tunnel 

sett l ing elamber htns had excellent P u l t s  fn decreasing 

twbulence in the t e s t  sectfon, The twbulrsncs d m p i  

screerm consist of several, closely woven, mall d imeter  

wire screm-iB, prelotaded and e'lastically E(uppo??ted by helical 

aprfngs and imtal led  parallel t a  emh othcs? and perpendicu- 

?Lax, Lo the tunnel axis, 3%~ drag losses though p ~ o p s r l y  

deshgned screens may be a l l  m fn part regslined by the 

aonoersion a% turbulent o energy t o  miss f l ~ w  energy, 

Ybjt3.e quantStat1ve aooustfc data m e  no% ava2labIe at 
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acoustic baffles effect  an 8ppreciab10 noise ~sduction by 

eonvertfng a. portion of the, d c energy t o  heat, Like 

baffles my be p a r t i a l l y  r egabed  by converston of twbulene 

by the fan, and the d y m f c  energy du0 Lo %wbulence, 

~ d ~ f L i o n a 1  sowces of noise m y  exist,  particularly 9n .the 

v i c in i ty  of the test sec%ion, such as the noise gBnerated by 

shock waveta, the induced noise due to nodel eonfigmatSon, 

and the noise due to the Pact  that the model may be 8. 

powered source, Sfnce the autho~  haa gathere6 very l i t t l e  

information concerning %@st section noise, no recomgnda- 

t i o n s  ~13.1 be mads en this paper for noise control  measures 

to bs incorporated in the or& iml desfgn of' the t e s t  

section. Nowever, after conpl~tlun nd operation of the 



These guided suppopts of ten  become Toose and dug 60 the 

ac t ion  of %he Pr stk@am, inducmd vibratory motion OCCWB 

generating nolse and frequently fatigue failures,  F"I0m tho 

standpoint of' qual i ta t ive  notso ctontrol it fs goad p ~ a e t E c e  

to r i g f d l y  fasten, wherever feasible, a l l  obstructtons. One 

new tunnel at Langley Fie ld  has been destgned wfth the 

turning vanes acting as 8tructwal mflabera, aSding t;hs 
.m 

e l l i p t i c a l  C Q P ~ B P  rings i n  supporting the corner loadiag. 

Each end of the turning vanes 2a r i g i d l y  fastened t o  the 

c03?n0~ rfrg so that, the ring and vanes act as 8 structtlral 

uni t .  The van0r9 contribute m t e r f a l l y  t o  the r t g i d f t g  of 

the u n i t  BU that  %he required CPOSS secttan of %he ri 

]results in a pla te  5wteact of' a lapga m l l s d  or bufll-up 

nmsmber. The vanes atre no longer s t r u c t u r a l  pmas i t e s ,  for 

In addftion t o  their Su~lct ion of changing the a i r  s t s s m  

d i r ~ t ; % o n ,  they contrfbute to o ~ e ~ - a l f  r i g i d i t y  of the 

turns1 %.tructwe, A d3.scuc3aion of t u rd  vanes, cmbfned 

rsts an f n t e p a l  unft  w t t h  .e l ldpt%cal  corner rings, I&. 

included aa appendix A, 

Cfenrsra1ky, the noise generated by a w i n d  turns1 ldvKl.1 

most C B ~ C B P ~  thoae atadftms stationed ou.P;aide the tunnel 

e. Airborne noise w i l l  reach the auditors dErsctly 
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e n t b e l y  or %n p w t  by acoustfc baff les ,  8s discussed %n 

chapter XI, by deflecting the noise away from the auditors,  

and by providjhng a tortuous passage for the nofse t o  peach 

the auditors, 

charac te r i s t ics  than low frequency noise s o  that  the methods 

of ds f l eo t ion  and provfsion of tortuous passages w i l l  have 

gmatcsf a f f ec t  

rmofae rcad3.ating f ~ o m  the tunnel st;~uct.tur(s is cauaed by 

induced vibratfcsns 02 Lke st ructure  and aomists  principal ly  

of twu parts3 %he v%brations induced by the dyexmdc ais 

stream energy and the vibrations induced by s o l i d  or 

structure-borne eaergy, The structure-born~:,noitee can be 

High fmquency noise has greater  dfrectfonab 

reduced by the fnolusltogl, in the turnel design, of vibration 

breaks which m y  be defined as 8 change en oonfigwation and 

continuity of the s t r z t c tue  of such form that the t ransfer-  

enoe or  s o l i d  borne vibratfoml energy past the change i n  

continuity iar e l b i  ted  o r  appreciably reduced, The most 

ef fec t ive  vibration break would be an a b  gcap OP the  absence 

of s o l f d  contact which for most tunnels would be hprac%ic~slL 

Howwepap eft'eotfve and prac t fca l  vibratfon breaks can be 

designed for which t h e  charge fa con%inuity is pepresented 

by an elast ic  medPum such as a h e l i c a l  sprfng. 

JQP portion of the solid borne vibration is 

cPeatedt""%n the v%@fnfty of the tunnel drfve motor and it 3.8 

expedient t o  i s o b t s  t h h  mctfon, 80 fa,r aa Ss feasible ,  



f r o m  the remLphdep of the structure. Other vibration breaks 

may be incorporated as part of ths expanston joints,  several  

of which are generally required in the tunnel cipeuit to 

permit coqsnsrntfon for thermal sxpansfon and contraction. 

Several wind tunnels a t  Langley Field have e l a s t i c a l l y  

supported expansion joints  which also s e m e  as vibration 

breaks. The k e l f c a l  spr ings,  f u r n f s h l ~  the e l a s t i c  medium, 

a re  desZgned for both ax ia l  and l a t e r a l  movenent and gsmnft; 

thermal ad justmant while contPlbutimg vePtica3. support. A 

dtscussfon of h e l l c a l  springs subjectad t o  combfned loading 

is Pnoluded as appendix B, 

I n  general, the noise radiat ing from the tunnel 

akructure w i l l  be diminished o r  a t  least  be capable of m0.m 

effective control  i f  the tunnel stpucture is stiff rather 

than flexible. Thils mag no% always be true but 

scope of the anthop's expwlence, and from the skandpo2ni; of 

qual i ta t ive  nolse control, inoreased stiffness lzas msrft. 

Possibly, th is  arises from the fact that increased stiffntsas 

fncreases the natural frequencfes of' the tunnel structme 

i t s  component parts and that the frequctncfeis of the rnaj~r 

components of the impressed Force f o r  most wirind tunnels w e  

re la t fvefy  low s o  t h a t  resonance tends to o c c w  only a t  the 

htghesr frequencies where the amplitud.ss are sm&lL The 

tendency fop true resomnt condttions to exist at high 

frequemires st$ @mall f o r  there eppears to be MOP@ tstructwal 
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irg in a stiff" structure than fn  a flexible one. Since 

the flrequenciea of the major component8 of the impressed 

forces are relatively low compared to the naturai'l frequencbs 

of the stiff s$rlacture, the mjor C O ~ P > O ~ Z ~ X ~ ~ S  will not be 

amplified and what amplification occwps will be at the higher 

fmquenciss which a m  more eeaslly oontrolled by noise 

fnstslsrting blankets as indicated i n  chapter 1x1. It follow8 

themfore, %ha% gmater noise control success w i l l  generally 

be obtafned frozn a stlff, stwdy structure than from a 

flexible structwe. Tt should be pointed out that the 

Teaturret of Sncorporatinyg turning vanes as structural copnep 

supports contpibutes materially to the stfffneas of the wind 

tunnel. Usually, it is h p r a c t f c a l  to effect noise peduc- 

t i o n  by Increasing the tunnel shell thickness, for from 

chapter 111, It 5s seen that doubling the weight of the 

shell reduces the K I O ~ ~ Q  only 3 decibels. A noise insulatfng 

blanket will be much mom effecttve f o r  the s m e  expenditwe. 

The two methods of quantitative m f s e  oontrol ,  acowtjlc 

baffles and noise insuhtlng blankets, dlscusaed in 

chapters I1 and 1x1, respectively, are particularly effective 

at high frequencies but not at low frequencies, The lo 

fnclusfsn, within the tunnel cfroui t ,  of resonating chambers 



tuned t o  the predominating low frequencies.  This  method i s  

comparatively new and w i l l  not be discussed i n  t h i s  t hes i s .  

One method, purely speculat ive,  t h a t  may have qua l i t a t ive  

merit f o r  the cont ro l  of low frequency noise is t o  design 

port ions of t h e  tunnel  s t ruc ture ,  and the supporting system 

for the acoust ic  b a f f l e s  and turbulent  damping screens. so 

t h a t  t h e i r  n a t a r a l  frequencies are msonant  or near ly  so w i t h  

the  predominant low frequency components of the  generated 

noise.  A port ion of t h e  noise energy would therefore  be 

converted t o  heat due t o  the work done upon the s t r u c t u r a l  

system. A c e r t a i n  amount of damping would probably be 

necessary t o  prevent excessive v ibra t iona l  amplitude , 

The remainder of th i s  chapter w i l l  be devoted t o  a 

general  discussion of noise and vibrat lon oontrol  measures 

t h a t  have been incorporated i n  the design and construct ion 

of several  wind tunnels  forming par t  of' the physical  plant  

of the Hational Advisory Committee f o r  Aeronautics located 

a t  Langley F ie ld ,  Va. 

Figure 4 is an a e r i a l  photograph of the  16-foot 

t ransonic  tunnel  which, recent ly ,  has been repowered and 

modified, Before repowering, t he  noise l eve l ,  while high, 

oould be to l e ra t ed  and vibrat ion was never a ser ious 

problem 80 far as ths tunnel  s t ruc tu re  was concernea, ft 

was bel ieved,  however, t h a t  noise and vibratfon con t ro l  

metasurea would be necessary to compensates for the e f f e c t s  
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of the new power p lan t .  The treatment,  incorporated a8 past  

of the  modifications,  consis ted of four  par t s :  

(1) Enclosing the tunnel fans i n  a massive C O ~ P  

housing 

( 2 )  I n s t a l l i n g  acoust ic  b a f f l e s  i n  the a i r  exchange 

tower 

( 3 )  St i f f en ing  the  tunnel  s h e l l  

( 4 )  Providing vibrat ion breaks between the  s tee l  

connecting s h e l l s  and the  concrete f a n  houaing 

It was ant ic ipated t h a t ,  a t  beet ,  the  above treatment would 

keep the  noise l e v e l  t o  about the  same as t h a t  before 

modification and t h a t  vibrat ion would be adequately con- 

t r o l l e d .  If, a f t e r  operation of the new power p l a n t ,  the 

noise l eve l  could not be to le ra ted ,  fur ther  treatment i n  the 

form of an insu la t ing  blanket could be applied t o  t he  tunnel  

s h e l l  and the a i r  exchange tower wal ls ,  

The funot ion of par t  1, the massive housing, shown i n  

the lower port ion of Figure 4, i s  t o  contain the noise 

generated by the fans  so t h a t  the dr ive sscrtion w i l l  not be 

the major SOWCB of noise rad ia t ion .  Furthermore, due to  i t s  

maasivenesa, the amplitude of vibrat ion i n  the v i c i n i t y  of 

the dr ive  sect ion i e  minimized. 

The funct ion of par t  2 ,  the acou8tl.c ba f f l e s ,  i s  t o  

a t tenuate  t f i e  airborne noise emitted from the  louvers of' the 

a i r  exchange tower, In  addi t ion,  the b a f f l e s  a t tenuate ,  
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somewhat, the noise radiat ing from the wal ls  of t h e  a i r  
I 

exchange tower, 

the acoust ic  b a f f l i n g  system. 

Figure 5 i s  a photograph of a port ion of 

The funct ion of pa r t  3, tunnel she11 s t i f fen ing ,  3.8 

t o  preclude the p o s s i b i l i t y  of vibrat ion and f a t igue  fai lures .  

The s t i f f en ing ,  i n  t h i s  case,, contr ibutes  little o r  nothing 

t o  the reduct ion of the over -a l l  noise leve l .  

photograph of the a i r  exchange tqwer and adjacent port ions 

of t he  tunnel s h e l l  o l e a r l y  indicat ing the s t i f f en ing  

members 

Figure 6 is  a 

The funct ion of pa r t  4, the  vibrat ion break, i s  to 

reduce the structure-borne noise and vibrat ion t ransfer red  

from the  ooncrete f a n  and motor housing to the  s t e e l  con- 

nect ing shellrs. The connecting s h e l l s  are supported by 

nes t s  of h e l i c a l  springs which i n  turn  are supported by con- 

c r e t e  brackets  i n t eg ra l  w i t h  the  housing. The s h e l l  a& 

housing are  separated by an a i r  gap, t h e i r  only oontacst 

being the springs. A neoprene s e a l  prevents a i r  and airt  
from leaking i n t o  the a i r  stream. Figure 7 i a  a construct ion 

photograph of the inside tunnel loop showing port ions of the 

connecting she l l s ,  concrete housing, and spring nes ts ,  

Supports f o r  the  conneoting s h e l l s  are as  f a r  removed from 

the, dr ive housing BEJ i s  p r a c t i c a l  i n  order  t o  minimize the 

t r a n m i t t a n c e  of .v ibra t ion  through the ear th .  Duos t o  the 

length of conneoting shells from the nearest  anchor point ,  
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FIGURE 6 

A I R  EXCHANGE TOWER 
 FOOT TRANSONIC TUNNEL 
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FIGUm 7 

D R I V E  HOUSING AND CONNECTING SHELLS 
 FOOT TRANSONIC TUNNEL 



the  vibrat ion break has the  auxilltarg funct ion of expansion 

jo in t .  The h e l i c a l  springs are  subjected t o  both axial  

forces  due t o  the dead load of the s h e l l s  and l a t e r a l  

def lec t ion  due t o  thermal elongation and contract ion of the 

shells. 

f o u r  spr ing neats .  

c omp let ed e 

Figure 8 is  a construct ion photograph of one of the 

Grouting of the  base p l a t e  has not been 

The two 8-foot wind tunnels are lshovon i n  the aerial  

photograph, Figure 9. Both tunnels contain acoust ic  t r e a t -  

ment. The upper tunnel ,  the &foot transonic pressure 

tunnel,  contains  a noise insu la t ing  blanket  completely 

enclosing the s h e l l  except f o r  several  acceas doors and 

expansion jo in t s .  The blanket i s  r i g i d ,  consis t ing of two 

layers each of conctrete and mastic supported by a framework 

of metal l a t h  and angles which, i n  tu rn ,  i s  supported by the 

outer  f langes of the  support and s t i f f en ing  r ings ,  A typ ica l  

d e t a i l  of the noise insulat ing blanket is  shown i n  Figure 10, 

The lower tunnel  of Figuse 9 ,  the 8-foot transonio 

tunnel,  has a heavy concrete shell w i t h  an inside s t e e l  

liner. The heavy walls, f o r  this pa r t i cu la r  tunnel,  effecr- 

t i v e l y  insu la te  the noise.  The a i r  exchange tower contains  

an acoust ic  b a f f l i n g  system, s i m i l a r  t o  t ha t  f o r  the  16-foot 

transonic tunnel ,  
& 

Figure 11 contains  construct ion photographs of a 

typ ica l  mitered junct ion f o r  the Unitary Plan 4- by 4-foot 
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VIBRATION ABSORBING SUPPORTS FOR CONNECTING SHELLS 

 FO FOOT TRANSONIC TUNNEL 



28 

FIGUI iE  9 

 F FOOT TRANSONIC PRI3SSURF: TUNNEL 
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supersonic tunnel. The turning vanes are welded t o  the 

inside surface of the e l l i p t i o a l  p la te  reinforcing ring. 

i thout the aupport obtained from the turning vanes, the 

reinforcing r ing  would, of necessity, be much heavier. In 

addition, the vanes contribute to a more r ig id  s t ruc tu ra l  

aystem without the detrimental e f f ec t s  of s l iding connections 

Figures 12 and 13 are  construction photographa of . 

turbulence damping screens located i n  the 7- by 10-foot 

high-speed tunnel. The soreens, four i n  number, are f i n e  

mesh, woven s t a in l e s s  s t e e l  wire e l a s t i c a l l y  supported by 

he l i ca l  springs. 

Chapter IV, representing an example of noiese and 

vibration control oornputations, includes fur ther  de t a i l s  and 

photographs of  noise and vibration control treatment. 
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FIGUREl 12 

TUFU3ULENCE DAMPING SCREXNS 
7- BY 10-FOOT HIGH-SPEED TUNNEL 
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FIGURE 13 

TURBULENCE DAMPING SCREEN D E T A I L S  L-79257 
7 -  BY 10-FOOT HIGH-SPEED !FUNNEL 
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a 

A 

AB 

A 0  

AS 

C 

C f  

D 

D 

DO 

SYMBOLS 

coeff i c i en t  of sound absorption 

cross-sect ional  area of duct (g ross ) ,  f t  

80 l ld  cross-sect ional  area of  b a f f l e s ,  f t 2  

cross-sect ional  open area of duct ( n e t ) ,  f t  

2 

2 

2 surface area of absorption mater ia l ,  f t  

ve loc i ty  of sound-in a i r ,  f t /sec 

f r i c t i o n  coef f ic ien t  

diameter of c i r cu la r  duct (gross) ,  f t  

noise pressure l eve l  of any frequency component , 
dec ibts 18 

diameter of c l e a r  opening of c i r cu la r  duct ( n e t ) ,  f t  

difference i n  noise transmission lo s s  between two 

d i f f e ren t  mater ia ls ,  decibels  

difference i n  noise pressure l e v e l  between any 

frequency component and the maximum frequency 

component, decibels  

noise pressure l e v e l  of maximum frequency component, 

decibels  

reductfon i n  e f fec t ive  noise transmission l o s s  f o r  

%nsulat ion mater ia l  due t o  the f a c t  t h a t  the 

mater ia l  contains  k percent of mater ia l  number tva 

having greater  acoustio t r ansmi t t i v i tg  than mater ia l  

number one, deoibels  
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EO 

ET 

f 

f 

FD 
g 

H 

HC 

hf 

IR 

IS 

k 

L 

noise at tenuat ion o r  reduct ion obtained by acoust ic  

treatment,  decibels  

t o t a l  noise pressure l e v e l  of all frequency 

component s, dec ibe Is 

noise pressure energy of any frequencg component, 

dynes/cm2 

noise pressure. energy of maximum frequency component , 
dyne s/m2 

noiee pressure energy of base, 0.0002 dynes/cm 

t o t a l  noise pressure energy of all frequency 

components , dynes/cm2 

frequency, cycles/sec 

f r i c t i o n  f ao to r  

f r i c t i o n  drag force,  lb 
accelerat ion of gravi ty ,  32.2 f t /sec 2 

height of rectangular  duct (g ross ) ,  f t  

c l e a r  height of rectangular  duct ( n e t ) ,  f t  

f r i c t i o n  lo s s ,  f t  

noise i n t e n s i t y  reaching audi tor  within room, 

watt s / c d  

watt s/cnl2 

noise i n t e n s i t y  of noise aource outs ide room, 

r e l a t i v e  amount of 82 supfacle area of noise insu- 

l a t f o n  mater ia l  with respect to  t o t a l  area,  percent 

length of acoust ic  ba f f l e s  or  absorption mater ia l ,  f t  

R 



m 

M 

n 

P 

pL 
9 

Q 
R 

R 

RC 

RF 

S 

t 

T 

T 

U 

v 

B 

hydraulic radius ,  f t  

mass a i r  flow, elugs/sec 

number of' acoust ic  b a f f l e  channels 

s t a t i c  pressure (absolu te ) ,  lb/ft2 

power loss ,  f t - lb/sec 

dynamic pressure,  lb/ft2 

volume a i r  flow, f t3/sec 

rad ius  of c i r c u l a r  B u c t  (gross), f t  

Reynolds number 

c l e a r  rad ius  of c i r c u l a r  duct ( n e t ) ,  ft 

noise reduction f a c t o r ,  decibel8 

surface area of noise insulat ion mater ia l  

thickness of acoustic ba f f l e s  o r  absorption 

mater ia l ,  f t  

temperature, OF absolute  

t o t a l  transmittance of room walls,  f t 2  

t o t a l  absopption of room walls,  f t 2  

ve loc i ty  of a i r  flow, f t / sec  

width of rectangular  duct (gross) o r  center t o  center  

spacing of acoust ic  ba f f l e s ,  f t  

c l e a r  width of rectangular  duct ( n e t )  o r  c l e a r  

&pacing between acoustic b a f f l e s ,  ft 

r a t i o  of the noise pressure energy of any frequency 

component t o  the noise pressure energy o f  the 

maximum frequency component, percent 
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x$ summation of r a t f o g  def ined  above, percent 

e roughness f a o t o r ,  i t  

P c o e f f i c i e n t  of v i s c o s i t y ,  rrrlugs/ft sec 

V kinernatio v i s c o s i t y ,  f t2/aec 

P d e n s i t y ,  slugs/$t3 

7 acous t ic  t r a n s m i t t i v i t y  

u angular  frequency, radians/sec 

P 



m e  typ of a 

mately 4 tncthes thiok and conatst-s of two psrfazwted metal 

plaP;ea enclosing 8 sound absorb%% mater ia l  of rnSnePaL WOQE. 

Generally, it is important t o  provide a minimum of restroic- 

tion to the a i r  flow so, usually, each rfbbon w a l l  is 

provided with leading-edge and 2;railing-edge fafring. 

baffle system considered here 1s airnflap i n  pr incfp le  and 

pmpose t o  the " a p l i t t s r s "  commonly found i n  ven t i l a t ing  

ducts c 

??ha 

&om referenoe 1, the nolss a t tenuat ion  though P 

duct haviag int;er?tor wall aurfacaa lined with soun4 

absorberst rnatarfal equals 
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sootional open aP88 of' the duct, Tke, untts f o r  A, Earad 

A, must be the ~ E L I ~ ~ E ) .  

Equat%on (2.1) applies to both rec;rtor@talar and 

ctrcular ducts vith OP without internal. baffles OF 

splitters, Five cases1 will. be discussed, three f o r  

P63C%€U@UltilP dUctS and t W 0  SOP CIX'GUXtar dUCtS, W M C h  COVBF 

the duce systens most cumonly used. 

particular application for wind .t;unnels. 

Two 02 the case8 have 

Case 1 - 
Ffgure 4 illustrates a rectangular duct with a l l  

i n t e r i o r  surfaces lfned ~ 9 t h  soup.Pc1 absorbent nzatex4al havlne~, 

a uniform thickness Etqual. to 

an absopption coeff9cient equal to a, The swf'ace area of 

absorption material w i l l  equal. 

' a length equal to L, and TS 

3 = W - t  

E,= H - t  

then equations (2.2) and (2.3) m y  be w i t t e n  



h 4 
? . I  0 /L + 

wc 



Using squatfons (2.1) and (2.5)* the mfse aetenwtion 

through the duct dll equal 

Caas 2 - 
F€gww f 5 i l l u s t r a t e s  BZ reotennzgulta dact with all 

interior smfaoes lined with 8 0 m d  abs0Pbear.t; rtlaterfal kavfng 

a urdfom thicknags @qua2 Z;o 

The intiertor of the duct; fs d?ev%ded Snto n equal ce l l s  by 

equal spaced ribbon wall baffles bviw mxLgF th fchess  t 

and length L. The absorption cot~PficEent for the walls and 

brfJbee ilcr assumed t o  eqml a, The swface area of 

absorption materfal w i l l  equal 

and LEtWth equal to L, 2 
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2r7L ( w c  $- H c )  
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(2010) 

lm duct with the a ide  

fsurfactss limed wi%h 8ow-15d abswbenk material b v i n g  a uniform 

thtckness 0qWl to 

and bottom aurfacets m e  unlinsd. Ths intelriop. of the ductt 

i r s  diafded into 

baffles having unfform thicknersls t and length Lo The 

absorpt ion coeFffcien% f o r  %her s fde  walls and baffles is 

assmed t o  equal a and for ths unl9ned t op  and bottom 

starfaces 0s assumed to equal 2 ~ ~ 0 .  Tke swface area of 

' an8 a length eqwl t o  L. The top 2 

n egua1 o e l l a  by equal spaoad ribbon w a l l  

aljaoZ?ption Enaterial w i l l  equal 

and the CFOSS sect ional  open area wfJ1 equal 

A, m(w - t )  (2.12) 



c ?- 

I 
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1.4 L = 2 . h  

Case 4 
F f p s  l 'j 'fllustrates a cikcular duct with the f n t e r i o r  

a w f s c e  lSned w i t h  Bound absorbent material having a uniform 
I; thickness equal t o  z9 a l e  th equal t o  Le and an 

absorp%%on coefffcfent equal to a. The surface we8 of 

absorption material wwlll equal 

A, 811 W(D - t ) L  

and the cross sectlonal open area v911 equal 

L e t  De and Rc represent the c l e w  dlametep and clear 

radius, respectively, so that  

(2018) 





... 
' ., 

. .  

* \  

Using equat9ons (2.1) and (2,18), the noise attenuatfon 

through the duct wtll equal 

Ffgtwe 18 illustrates a cfrcular duct djhvided f n t o  n 

equal wfdth cliellrn by equal spa@ed ribbon wall baffles having 

un i fom tPrfcbesB t, length L, and abaorptton aoefffclen% 

a. The absorption coeff'fcfent for the  unlined perfmetier of 

the duct is assubmed t o  equal ZBSO, 

The equatfon of a c f r c l e  w i t h  osn-ber a t  the O P P g l n  of 

the CartesLan ooordfnates x and y m y  be exppessed 

Ef 31: varies in equal increments suck that 

(2.20) 
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then 

Equations (2.22) represent the verW,cal height of 8 

baff le  en one quadrant of' the duct, The total hefght of a11 

baffles for a l l  quadrants ail1 then equal 

r 7 

where the term under the stmmatlon sign 9s 8 function of n 
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then equatfon (2.24) becomes 

The total surface area of the baffles wtll equal 

The s o l i d  c ros s  seotlonal area of the baffles w111 equal, 

appmximat e ly, 

~ AB = Y% 

The CPOSS sectional open area of the duct will equal, 

approximately, 

anw and, since R = 7 

U s h g  equation 

written 



- ') 
i ... 

then 

For all p r a c t i c a l  applications, n is sufficiently large so  

tha t  the faotor  

then, usin$ equation (2.4), equatfone (2.32) become 
7 

A, 2n2, 
2 

(2.34) 

Since the noise a t t s w a t h o n  equations f o r  a l l  f i v e  

cases have $he same general fozm, 2% is convenient to 

deser tbe all Five casm by a a t n g l e  graph, F i g w e l t  is an 

alinement chart f o r  equations ( 2 . 6 )  and (2.10) which also 

applies,  w i t h  slEght modffication, for equations ( 2 , & } ,  
@ 
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satfsfted when equals zero and squation (2.19) i s  

satisfied if 

equals zero. 

HC 

L z i a  assumed to equal A and when a;; WC 

The cr l t iczl l  f ac to r  in the formulas for noise 

attenuation is the absorptfon cueffiofent a, Manx factors, 

apparently, influence this value including the method of 

measurement. The moat common method of deternining %he 
- 

sound absorption properties OS various materials is the 

reverberation room method described in refepences 2 ,  3, 
and 4. References 2 and 5 tabulate many different rnaterfals 
and their absorptfon coefficisnts, However, the abs'orption 

coefficlents, determined by the reverberation room method, 

do not asem to be compatable with the noise aktenuation 

g m p h  is includod here on ly  as an ellustratZon of the 

results obtained f r o a  the reverberatfon P O O ~  method and its 

Figure 21 %IlusLrates the authorts concspt of the 

relationship between the absorption coef f ic ien t  a o f  the 

aooustio' baffles or absorgtllon meatep.fal and the frequency 
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f of the  no3.m in the duct. Thfs cwv8, t a  be used wfth 

bhe noise a t tenuat ion  formulas represented by Figwelg ,  3.8 

based upon miscellaneous t e s t  data obtained from many SOWCBIS 

and should be considered an approximation 8 s  there  is 

considerable s c a t t e r  of the various test pofnts. 

Factors that  probably fnfluence the absorption 

coefficient of any par t icu lw baffle a m  the per cent 

abso rp t i an  area ( the size and spacing o f  t he  per fora t ions)  

and the d e n s i t y  of the mineral woo1 sound absorbfng 

material. The %f'feet of these f a c t o m  is no% includtsd hem 

w f t h  t he  exception tha t  Figwe 21 l i s t s  f rdo rna t lon  f o r  ra 

typ ica l  b a f f l e  and unless the deviat ions from the typical 

are large, Ffgure 23. should give reasonab1;g good mxmlts. 

Another fac tor  havhrzg influence upon the noise reduction 

through acoustic baffles i s  the natural frequencies of the 

rZbbon walls as installed,  80 atternpt is made hers to 

evaluate this fac tor ,  

The s t r u c t u m l  design of the acoustic baffler plates, 

s t i f fen ing  mmbers, a& fastantng devices w i l l  depend upon 

the par-tlcubar a p p l i c a t i o n  and the forces  e x e ~ t e d  upon the  

sptern. Due t o  the dynamic rrat;ws of the loading, cape 

should ba taken t o  .Iwwe that fatigue stressing and str~ess 

ooncentrattons a m  no% critical, men the  a i r  stmxm, 

passing t'hrough the baffles, is moving at htgh v e l o c l t t e s ,  

particuZaf oonsideratfon should be given Lo the possibilLLy 
&- 

! 
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t ha t  the alr flaw may not be unlform, espee2alPy ~~~~ there 

i s  a sharp change i n  d i r e c t i o n  of' t he  air stream before 

r e a c h h ~ g  the baf f le@,  Th%a effect  may be manifestad as hlgh 

local velocities -tbougli  posbtons OF the baffles and lesser 

v e l o c f t i e s  though other  portions Pesulting in increased 

loading and s t m s s e s  upon the  systom, Also, if these %s 

r ap id  change in temperature, such as occurs by dfschwgs 

€%om presswe vessels , thermal load%% lnust b e  consfdsred, 

I n  mder f o r  acoustic baffles, i n s t a l l e d  wf-thin the 

air BtPeet rn  of a wind tunnel ,  t o  have mtwlt;, t he  power or 

drag losses "cough the  system must be able t o  be t o l e r a t e d ,  

I n  other  word@, the  func t ion  af the SOWCE.: ( t h e  a l r  stream) 

muat not be fnh ib l t ed  by m w e  than a prsdetermixmd 

adceptabxte mount  

Reference 6 dfscusses the Flow of f l u i d s  in ducts 

with partfctalar emphasis on hydraul ic  flow, B U W B V ~ P ,  t h e  

theory dit*scussed there w i l l  prove useful T r i  developfng 

t e  prathods f o r  deternninhg %he drag and power 

losses of the air strean %bough aco.~zs-ttc b a f f l e s ,  

From, reference 6 ,  t he ' h sad  loss en? f r i o t i o n  in f e e t  

of t h e  f l u i d  equals 



V I s  the mean v e l o e f t y  of' f l u i d  in f ee t  per second, Q is 

the aecslepat5on of gravlty, and Cf fs the friction 

coeff'lcfent, The power logs due, tu friction w i l l  equal 

where p is the density of the f l u i d  In  slugs per cubie 

f o o t ,  U s i n g  equations [ 2 , 3 6 )  and (2.37),  equation (2.38) 

aay be warrltten 

P - FDV 
L 

where 

(2.39) 

2s the dynamic pressure fn pounds pep &quare foot, 

From rafe3rence 6 I the FpSction coefficient aquala 
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where f i s  the f r i c t i o n  f a c t o r ,  Both Cf and f are 

dimensionless, From reference 6,  f may be determine6 by 

the  expression 

where rn equals t h e  hydraulic radius  i n  f e e t  and i s  t h e  

roughness f ac to r  i n  feet, 

squat ion ( 2  4 2 )  becomes 

U s i n g  equation ( 2 m 4 3 ) p  

1 

cf = 1 + O B l 0 ( ~ )  f a.&J2 

hich enables the f r i c t i o n  coeff ic ient  t o  be determined f o r  

any pa r t i cu la r  duct i f  the roughness of t h e  duct surfaces  is 

known. 

The hydraulic rad ius  m mag be expressed 

and for cases 3 and 5, germrally applicable t o  wind tunnels ,  

using equations (2,13) and (2.34), 

*c m z - = -  
2 
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Equation (2.44) mag then be 

Reference 7 tabula tes  roughness f a c t o r s  f o r  gases co rm-  

eponding t o  various kinds of duct surfaces .  These f a c t o r s  

wr i t ten  as  equations (2,48) 

e = O,OOOOOl5 foot  - very smooth 

correaponding t o  drawn tubing 

~lt = O.OOQl5 foot - medium smooth 

corresponding Lo new s t e e l  or 

iron pipe 

= 0,0005 foot  - average 

corresponding t o  galvanieea i ron  

= 0.003 foot - medium rough 

aorrssponding t o  average concrete 

8 = 0.01 f o o t  - ve ry  rough 

corresponding t o  average r ive ted  s t e e l  - 

are pre ereneed f o r  comparative pwpoie s The pa r t  icular 

value of roughnsse f ac to r  8 ,  t h a t  would most newly  apply 
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t o  acoust ic  b a f f l e s  i s  unknown f o r  experimental data are 

lacking. The very rough condi t ion is probably CORSePVBtiPB. 

Figure 22 is  a graph of equation (2.47) using 

fau tors  (2.48) and represents  the f r i c t i o n  fac tor  Cf f o r  

a;lr flaw through acoust ic  b a f f l e s  f o r  the condition of 

twbuletnt flow where 

where R is the Reynolds number and v is the kinematic 

v i scos i ty  in square feet per second. 





C€IAPTER I11 

NOISE IMSULATXOM 

Noise at tenuat ion,  b y  insu la t ion ,  is the reduotion of 

noise by the  placement of 8 b a r r i e r  between the noise source 

and the  audi tor ,  The b a r r i e r  mag be pervious or  impervious, 

f l ex ib l e  OF r i g i d  and its funat ion i s  t o  eliminate the 

transmission of df rec t  a i r  stream energy from the source t o  

the audi tor .  A vast  amount of t e s t  data  has been compfled 

by many sources ooncerning noise transmission l o s s  f o r  

p r a c t i c a l l y  every conceivable bul lding material. 

ences 8 and 9 tabula te  much of t h i s  data, 

Refer- 

In  the past ,  i t  was general ly  bel ieved tha t ,  i n  order 

f o r  insu la t ion  ma te r i a l  t o  be e f f ec t ive ,  the material  had t o  

be both r i g i d  and dense, Several  a u t h o r i t i e s  had developed ' 

various mass o r  weight laws for which substant ia t ing t e s t  

data appeared t o  be compatible. Sime each mass law 

sat isf tes  one par t i cu la r  s e t  of t e s t  data  and not another, it 

appears t ha t  the method of t e s t i n g  ltnf'luencss the r e s u l t s .  . 

i t h i n  the pas t  14 years much more information has been 

produced conoerning the  s tandardizat ion of t e s t  procedures 

and the  investigat,ion of lightweight f l ex ib le  blankets.  

Reference 10 presents  the basic  theo re t i ca l  Information 

necessary f o r  the  design of' nolse at tenuat ing lightweight , 
f l e x i b l e  blankets  but s ince the subjecrt i a  v a s t ,  s t i l l  



r e l a t i v e l y  undeveloped, and lacking i n  t e s t  data  it w i l l  

not be uonsidersd here. 

Reference 11 presents  a discussion of noise attenu- 

a t ion  through s ingle  walls from the mass law standpoint, 

taking i n t o  account the f l e x i b i l i t y  of t h e  system. From 

reference 11 

DR = 10 loglo b2 - 10 l o g ~ ~ ~ o g e ( l  + b 2 g  (3.1) 

where 

and i s  the  angular frequency, u i s  the surface dens i ty  

of the wall, p is  the a i r  densi ty ,  and u is the ve loc i ty  

of sound i n  a i r .  

temperature, equation (3.2) may be wri t ten  

For t h e  condftion of 20° centigrade a i r  

b = q  fcr ( 3 0 3 )  

where f' is  the c i r c u l a r  frequency i n  cycles  per second and 

a is the surface dens i ty  of the wall i n  pounds per square 

foot .  Figure 23 i s  a graph of equations (3.1) and ( 3 . 3 )  and 

appl ies  p r inc ipa l ly  t o  homogeneous aingle walls. However, 

Figure 23 has applfcat  ion f o r  nonhomogeneous l ight  weight 

blankets  i f  used with care .  
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of wSnd tunnels, the' purpose of a 

noise insulating blanket, whether rigid OP f lex ib le ,  2s tQ 

attenuate the noise radiat ing f rom the tunnel. she l l ,  It may, 

depending upon the  par t icu lar  application, have an auxi l ia ry  

function a a  thermal insulatton. The blanket must be durable 

and If exposed t o  the elements should have a weather? 

resistant protective cover. 

appearance is bpox~ tan t ,  A l l  of these requirements aan be 

accomplished with commercially available materials. 

Frequently ~b pleasing sxtepnal 

The basic principles  for designing a noise Insulating 

blanket are very h p o r t a n t .  Most Lmportant is to provfde an 

a h  space of a t  l eas t  several inches between the duct s h e l l  

and the inside blanket swfaoe, If' the blanket is t o  o o n a i s t  

of porous llghtweight material, such as mineral wool, one OTP 

more septa a m  required, Usually, one 

septum ia su f f i c i en t  and can also serve as a weather 

r ea l s t an t  protective covm an the outside face of' the  

blanket. The w e t & &  of the septum per square f o o t  of 

surface area should not be lesa than 25 per cent of the 

weight of the mfneral wool. Any reasonably dense material  

may serve a% a septum, Suggested materials a re  ~JGesl, wood, 

concrete, plas te r ,  alminm alloy, and preformed or spraye4 

on easplzetltlc o r  v i n y l  bas8 compounds, 

Ligh tmigh t  bIankek8 of mineral wool with an 
@ 

vioue4 septum of easphlaltfc QX* vinyl base compounds have 



a wide range of udsfulness, They ape l i g h t  i n  weight and do 

not pequire an extensive supporting structure.  They are  

f l ex ib l e  and pliable and w i l l  wlthstand conslderable t h e m a l  

movement of th& duct s h e l l  without damage, They are 

r e l a t ive ly  easy t o  i n s t a l l  over i r regular ly  shaped contours. 

Portions of the blanket can be easily removed and replaced 

fop access t o  the duct shel l ,  

Design data for noise insulating blankets are 

contafned on the groaph Figure 23. T h i s  is a weight l a w  

graph and w i l l  give excellent r e s u l t s  when used 

discriminatsly, Comments f o r  the use of this  graph are 

included below: 

( a )  The attached graph Figure 23 1s a p l o t  of noise 

attenuation against surface density w i t h  a parameter of 

noise frequency, This graph applfss to damped, s ingle  layer 

imparvious panels. If the panels are undamped, considerabfs 

discrepancy w i l l  occu3? between aetueal r e s u l t s  and theory fop 

the  condition of Imposed noise frequency being at or  near 

the natural  frequency of the pztnel, 

(b) For the tjormdi6ion of multilayered hipervious 

panels, lightweight blankets, or a combfnation of both, the 

nolse attenuation may be considerably greater than indicated 

pn the p a p h ,  using the to ta l .  surface density of the 

individual layeros, 



f c )  I n  r smary ,  impervious, s ingle  layered panels 

w i l l  have a noise at tenuat ion i n  c lose  agreement w i t h  the 

weight law f o m l a  except f o r  the condi t ion of rersonanoe; 

multi layered panels w i l l  have a noise at tenuat ion a t  l e a s t  

a s  grea t  a8 indicate& by the weight law formula. The 

resonance r e s t r i c t i o n  appl ies  t o  multi layered panels as 

well as  t o  s ingle  layered panels but i s  much l e s s  l i k e l y  t o  

occur e 

( d )  Superimposed upon the graph i s  a Bureau of 

Standards average curve f o r  frequencies from 100 cycles  per 

second t o  2000 cycles  pes second. This average curve may 

be used when there is no knowledge of t h e  imposed frequency. 

( e )  Considerable e f f o r t  should be made t o  pred ic t  t he  

first harmonic of t h e  imposed frequency a s  it  is  apparent 

from the graph t h a t  these i s  considerable var ia t ion  i n  noise 

a t tenuat ion depending upon the parameter noise frequency. 

For the case of a wind-tunnel fan,  the f i r s t  harmonic is 

r e l a t i v e l y  simple t o  obtain as it i s  the  revolut ions per 

second t h e e  t he  number of blades. 

As mentioned i n  chapter I, the acoust ic  treatment f o r  

noise cont ro l  may neglect the noise source8, and instead,  be 

applied t o  the aud i to r s  i n  such form as  soudproof  rooms, 

e t c ,  R8fsrenGeS 8, 9 ,  12, and 13 discuss  t h e  at tenuat ion 

of naise  through pa r t i t i ons ,  with pa r t i cu la r  8mphasi8 upon 

the a rch i t ec tu ra l  aooustics o f  rooms. It is ,  however, 



convenient t o  include an ana lys i s  of noiee i n s u l a t i o n  f o r  

rooms, based upon t h e  theory discussed i n  reference8 8, 9 ,  
12, and 13, but developed i n  such manner t h a t  i t  can be 

r e a d i l y  extended t o  t h e  use of i n s u l a t i n g  b lankets  for 

tunnels  e 

Noise c o n t r o l  f o r  aud i to r s ,  i n  the form of acous t ic  

t reatment  f o r  rooms, must take  i n  conaidera t ion  the f a c t  

t h a t  most rooms w i l l  have c e r t a i n  po r t ions  of wal l ,  f l o o r ,  

and c e i l i n g  a r e a s  d i f f e r e n t  i n  cons t ruc t ion  and m a t e r i a l  

from t h e  remainder. For ins tance ,  doors and windows Br0 

g e n e r a l l y  d i f f e r e n t  i n  m a t e r i a l  and cons t ruc t ion  from the 

remainder of t h e  sur face  a reas  and w i l l  have c o e f f i c i e n t s  

of sound t ransmission o r  acous t i s  t r a n s m i t t i v i t y  d i f f e r e n t  

from t h e  o the r  po r t ions .  Furthermore, openings such a s  

cyacks between the  door a& fram, key ho les ,  and open 

windows t ransmit  no ise  d ispropor t  fona te ly  i n  excess of the 

opening s i z e .  I n  add i t ion ,  the absorp t ion  c h a r a c t e r i s t f c s  

of the  i n t e r i o r  sur faces  of the  room w i l l  a f f e c t  t h e  

i n t e n s i t y  of no ise  reaching the aud i to r .  

From re fe rences  8 and 9 

(3.4) 

where I, 

t h e  room, 

i s  the i n t e n s i t y  of t he  noias source ou t s ide  of 

IR is t h e  i n t e n s i t y  of t h e  noise  reaching the 



audi tor  within the roam, U i s  the t o t a l  absorption u n i t s  

of the room walls, and T i s  the  t o t a l  tranamittance of the 

room walls.  The assumption i s  made tha t  a d i f fuse  sound 

f i e l d  exists f o r  both the soume and the room i n t e r i o r  andl 

t h a t  a noise of i n t e n s i t y  

the room, When the outs ide i n t e n s i t y  is d i f f e ren t  f o r  

d i f fe ren t  p a r t s  of  the boundary, as  i s  of ten the c a m ,  each 

par t  of the boundary must be considered separately.  

The t o t a l  absorption u n i t s  w i l l  equal 

I, e x i s t s  f o r  a l l  boundaries of 

and t h e  t o t a l  transmittance w i l l  equal 

( 3 . 6 )  

where 81, 82, a3, e tc . ,  are the absorption coe f f i c i en t s  

f o r  various port ions of wall surfaces  si, 92, ~ 5 3 ~  etc . ,  

and z l s  22s 23, e t e o ,  are  the corresponding coe f f i c i en t s  

of sound transmission or  acoust ic  t r ansmi t t i v i ty  f o r  the 

w a l l  eturfaces * 

The noise reduction f ac to r ,  i n  decibels ,  w i l l  equal 

where U and T are defined by equations (3.5) and (3.6) ,  
respectfvely,  For the pa r t i cu la r  condition of one port ion 



of the p9oom ( f o r  instance,  a partition) being subjected t o  

e x t e r n a l  noise  r of t h e  room boundaries 

are ROL then 

T = “ts 

and 

which may be 

where U i s  the t o t a l  absorption u n i t s  of the room wal ls  

and s i 8  the  area of the p a r t i t i o n  or” panel. The tern 

is defineb as tb t ransmission loas  of the panel. Values 

fop DR may be obtalnaed from the  tabula ted  da ta  contained 

i n  references 8 and 9 and &om the graph 

Therefore, for t he  condttlon of‘ one panel  transmission, 

using equations (5eSO) and (3.1l), equation (3.7) become 

Figure 239 

hen equat ion (3.12) i s  re 



i t  i s  i n  t h e  f o  used f o r  t h e  experimental determination of 

n o i m  transmission loss .  TWQ rooms 8r8 used, the source room 

and the rece iv ing  room. 

and heav i ly  in su la t ed  so t h a t  e x t e r n a l  rioise en te r ing  the 

room i s  neg l ig ib l e ,  The rooms a m  separated by an openfng 

Both rooms a r e  h ighly  reverberant  

ere t e s t  panels  can be mounted, Generally, the opening 1s 

s u f f i c i e n t l y  la rge  t o  preclude the p o s s i b i l i t y  t h a t  the 

method of supporting or clamping the boundaries of  the t e s t  

specimen w i l l  a f f e c t  t h e  transmission loss  measurements 

s i g n i f i c a n t l y ,  Once the panel i s  mounted i n  the opening, 

measurements are made i n  the  receiving room t o  determine %he 

number of absorptfon u n i t s  U. Noise i s  generated i n  the 

B O t l P C 8  room, usua l ly  a a r b l e  tone, and measurements made t o  

determine the l e v e l  i n  both the source and rece iv ing  rooms, 

The d i f fe rence  i n  noise l eve l s ,  of the S Q U P C ~  and r ecs iv ing  

rooms, i s  the noise reduct ion f a c t o r  RF, Knowing W F ,  U, 

and 8 ,  the area of the t e a t  panel, the  t ransmission 

POEL8 i s  d e t ~ r ~ i n ~ d  from equation (3e13), 

F the condi t ion of a room 0863 walls c o n s i s t  

of on ly  two d i f f e r e n t  ma te r i a l s ,  each having a no9m 

transmission loss  d i f f e r e n t  from t h e  o the r .  Then 
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Let 

k 
100 

where s i s  the t o t a l  w a l l  a rea  and 

82 area t o  the  t o t a l  a r ea .  Then 

k 
8 = Sl + z s  

and 

s l = ( l -  s 

(3.151 

k is the per cen t  of 

Using equat ion (3-ll)# t h e  acoustit,  t r a n s m i t t i v i t y  f o r  

m a t e r i a l  number 1 w i l l  equal  

and f o r  m a t e r i a l  number 2 

(3.16) 

(3 .17)  

r U - 1 



which may be wr i t t en  

L e t  
0. 

DR1 DR2 = DD (3.22) 

be the  d i f fe rence  i n  nofse transmission loss between 

ma te r i a l  numbex- 1 and ma te r i a l  number 2.  And l e t  

be the  reduct ion i n  e f f e c t i v e  noise transmission l o s s  for 

the e n t i r e  room due t o  the  f a c t  t ha t  the  wall8 conta in  

k per cent  of ma te r i a l  number 2 having greater t r a n s m i t t i v i t y  

than ma te r i a l  number l e  Using equat ions (3.22) and (3.231, 

equation (3.29) becomes 

Do =I 10 log lo  1 + -(IO U [ l"0 

If the absorpt ion coe f f i c i en t  f o r  the wal l  surfaces  is 

uniform, o r  nea r ly  so, t hen  

u = as 
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and 
c _. 

Equation ( 3 . 2 6 )  can be extended, approximately, t o  

t h e  case  of a b lanket  enc los ing  a wind-tunnel s h e l l ,  

Frequent ly ,  the i n s u l a t i n g  blanket w i l l  con ta in  d i s c o n t i -  

n u i t i e s  such as access  doors which a re  necessary f o r  

ope ra t ion  and maintenance. These d i s c o n t i n u i t i e s  gene ra l ly  

r ep resen t  a small  percentage of the su r face  area but may 

have cons iderably  g r e a t e r  acous t ic  t r a n s m i t t i v i t y  than  the 

b lanket  and the re fo re  allowing d ispropor t iona te  t ransmission 

of no ise .  For the case of a w i n d  t unne l  outdoors,  the 

absorp t ion  c o e f f i c i e n t  a may be taken equal  t o  u n i t y .  

Then equat ion (3.26) becomes 

Figure 24 i s  a graph of equat ion (3.27) which i a  

v e r i f i e d  by r e fe rence  4. 
the d i sp ropor t iona te  increase i n  t r a n s m i t t i v i t y  that  an  

i n s u l a t i n g  b lanket  would have f o r  a r e l a t i v e l y  small  per-  

F i g w e  .& a l e a r l y  i l l u s t r a t e s  

centage of open a rea .  For ins tance ,  if a b lanket  having a 

40-decibel noise  t r a n m i s 8 i o n  laas has only b per cent open 

a rea ,  the  i n s u l a t i v e  p r o p e r t i e s  would be diminished 
& 
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20 decibels, I n  o the r  worda, the 1 per cant  open area  

r e s u l t s  i n  a 50 per cent dec ibe l  l o s s .  It i s  apparent,  

t he re fo re ,  t h a t ,  so f a r  as is  poss ib le ,  noise leaks should 

be el iminated o r  diminished. 

For the caae of a wind-tunnel s h e l l  containing a 

noise in su la t ing  blanket ,  a l l  of the noise  leaks  may not 

a f f e c t  t h e  aud i to r .  A rough r u l e  of thumb is t h a t  the 

ma jo r i ty  of no ise  reaching the  audi tor  r a d i a t e s  from those 

Gwfacea v i s i b l e  t o  a human audi tor  and only those leaks  

contained i n  the v i s i b l e  sur face  a re  important. This ru l e  

i s  more nea r ly  accurate  f o r  the higher fssquenclea than t h  

l O W 8 P  because high frequencies  have g r e a t e r  d i r e c t i o n a l  

p rope r t i e s  than  low f requencies .  



CHAPTER I V  

EXAMPLE - 7- BY 10-FOOT HIGH-SPEED TUNNEL 

The 7- by  10-foot high-speed tunne l  loca ted  i n  the 

%es t  Area of Langley F i e l d  has r e c e n t l y  been modified f o r  

noise  and v i b r a t i o n  con t ro l .  Before  modi f ica t ions  t o  t h i s  

tunnel ,  two c r i t i c a l  f a u l t s  r equ i r ing  immediate a t t e n t i o n  

were observed, Many f a t i g u e  c racks  involving t h e  s t r u c t u r a l  

support ing and s t i f f e n i n g  members were noted about p o i n t s  of 

stress concent ra t ion  such as  welds and coped s e c t i o n s .  The 

noise l e v e l  o f  t h e  tunne l  a t  t o p  speed opera t ion  was s u f f i -  

c i e n t l y  high t h a t  complaints of i ne f f i c i ency ,  di 

and i n t e r f e r e n c e  were received f r o m  nearby research  

f a c i l i t i e s .  

I n  order t o  e l imina te  these f a u l t s ,  f i v e  c o r r e c t i v e  

measures were decided upon; t hese  modif icat ions were as 

follows: 

1. A l l  f a t i g u e  c racks  were r epa i r ed  and the 

tunnel  she l l  s t i f f e n e d ,  

2, The s l i d i n g  base p l a t e s  f o r  the support  

l e g s  were ad jus ted  t o  c a r r y  more v e r t i c a l  loading. 

3 e  The metal  expansion j o i n t  neares t  t he  f a n  

was removed and rep laced  wfth 8 neoprene expansion 

j o i n t  
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... 

4, Acoustic b a f f l e s  were placed f n  t h e  a i r  

stream, both upsttream and downstream from the fan ,  

5,  A l igh tweight  noise  i n s u l a t i n g  blanket was 

i n s t a l l e d ,  enclosiw t h e  f a n  s e c t i o n  between the 

expansion j o i n t  and the exhaust tower. 

The f i r s t  t h r e e  modi f ica t ions  were primaz-ily f o r  

v i b r a t i o n  and f a t i g u e  c o n t r o l  and have very l i t t l e  e f f e c t  

upon no i se  c o n t r o l ,  ltlodiflcations 4 and 5 were primarily 

for noise  c o n t r o l  and w i l l  be discussed i n  d e t a i l .  

A n  aoous t i c  survey was made for the tunnel. c l r c u f t  by 

both NACA and a p r i v a t e  consul tant .  Both surveys agreed in 

z e n s r a l  but not always i n  d e t a i l ,  T h i s  paper is based upon 

t h e  LVACA r e s u l t s .  The acous t i c  survey Indica ted  tha t  more 

noise  emanated f rom the v i c i n i t y  of the f a n  than elsewhere 

and tha t  acous t f c  t reatment  should be appl ied  there, 

Furthermore, i n  the v i c i n f t y  of t h e  fan ,  the noise seemsd to 

r a d i a t e  about; equally from the tunne l  s h e l l  and the  e,uhaust 

tower louvers. Other po r t ions  of t h e  tunne l  such as the 

tesJt section, t u rn ing  vanes, and In take  tower cont r ibu ted  t o  

the o v w - a l l  nofse l e v e l  but  t h e  r e l a t i v e  noise  l e v e l  

propor t ions  of each s o w c e  with r e spec t  t o  t h e  over-a11 

would have been d i f f i c u l t .  if not  impossible t o  determine. 

Eomevsr, both the PUCA and the consul tan t  bel ieved t h a t  the 

noise  l e v e l  from t h e  vicinity of' the f a n  was s u f f i c 5 e n t l y  

higher than  t h e  t o t a l  from the remainder of' t h e  8ourcc38 t h a t  
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7. 1; 
properly designed acouat lc  treatment applied fn the f a n  

v ic fn i ty  would provide p1 s a t i s f a c t o r y  noise reduction. This 

meant that  a noise l e v e l  diefference of 10 os, more decibels  

exis ted;  othcrw€se acoust ic  treatment of the  f a n  victinlty 

alone would not be adequate, Modifications for the fan 

v i c h f t y  were then planned 1x1 the be l i e f  t h a t  furpther 

treatment would be unnecessapy and t h a t  an over-all noise 

reduotfo~ of 10 o r  mor0 decibels  could be obtained. 

Subsequent developments ve r i f i ed  th l s  8s an over-all noise 

reduct ion of 12 deoibs ls  was obtained a f t e r  the aooustio 

treatment e 

Acoustic baf f les  sessned t o  be the moss p r a c t i c a l  

form of treatment t o  control  t he  nofse radfa t ing  from the 

exhaust tower louvers, Two Locations f o r  the b a f f l e s  were 

considered; the exhaust tower and the a i r  stream. Baffles 

placed Sn the exhaust eowwer would a t tenuate  the noise 

r ad ia t ing  fpom the louvers only, while baf f les  placed i n  the 

atyo stream would a t tenuate  the nofse r ad ia t ing  f rom the 

louvers and from the  ~ e ~ & ~ ~ d ~ r  of %he t u m e l  c f r c u i t ,  The 

pr inc ipa l  object ion t o  placing %he baff les  i n  the aSr stream 

was the l o s s  of power ant ic ipa ted  due t o  air flow drag, The 

power loss, computed i n  acaordancs with the tiheorg included 

i n  chapter 11, f o r  baf f l ss  placed fore and a f t  of the tunnel 

f a n  was about 200 horsepowap. This loss eould be tolera-t;ed 

and the btafflee were iost;alled in the a i r  stream. 
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Furthermore, it was estimated "chat a p o r t i o n  of the power 

lost through drag would be regained t bough  partial. 

e l h i h a t t o n  of tupbulence, T h h  f a c t o r  has not been 

verlf i tsd as yet , 
The tunnel shell from the expinsion jo in t  t o  khs 

exhaust tower was iiisulated wi%h a f lex ib le  l igh tmight  

blanket. The insu la t fng  b lanket  consfsted of the following? 
* 

1. Struatural  franlewosk serving the  dual purpose of' 

s t i f f en ing  the turn01 s h e l l  and suppoPt3tnz the 

insulat  iw blankst , 

2 ,  Road mesh tack welded to the structural framework 

3 ,  Seven inches of preformed bonded Fiberglas  wired 

t o  the road mesh 

4. Expanded metal l a th  wired through the Fiberglas t o  

the road mesh 

5. ~ n s u h a s t i c  v inyl  coat ( 6  gallons per 100 square 

f e e t )  sprayed on the expanded b t k  

6,  I n s u h a a t i c  g i l son i t s  aoat ( 8  gallons per  100 

square f e e t )  sprayml on the v inyl  

7 .  Alumknm colored s l a t e  granules sprayed on the 

g i l s o n l t s ,  whtls sL913 s o f t ,  t o  provide an 

almfnurn colored appearance 

Figwe 25 represents a typical frequency spsotrm 

&e OS the nofse generatgd by the 7- by 1O-fooL high-speed 

tunnel before the nofse and vibra t ion  c o n t r o l  measuTem were 
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applied. Fow predorninant frequency components a re  apparernt. 

The f i rs t  and st rongest  conponsnt corresponds almost exact ly  

t o  t he  farst  hwnonfc of the fan but the  other components are 

not in such good agreement w2th  the higher f an  harmonics, 

The t o t a l  noise, r e s u l t i n g  almost sntirPely from the row 
predominant components, equaled lo7 decfbela. The loca t ion  

of the measurement was on the ground, about 100 f e a t  

d i r e c t l y  oppos i te  the f a n  and motop sec t ion  where two s ides  

of' the  exhaust tower louvers could be p l a in ly  seen. ThLs 

sits was chosen because It was P a r  enough away t o  avoid 

reflectiola interference but i n  a pos i t ion  t o  recellve d i r e c t  

r ad ia t lon  from two s f d s s  of the exhaust tosves) and from the 

tunnel sheLZ oppoebte the fan. 

Figure 26 shows schematic sect ions through the tunnel 

at the vicinity of the f a n  and exhaust tower i l l u s t r a t i n g  

the acoust ic  traatment. The contour of the tunnel  she l l  has 

been simplified in order to sfmplify the computations. 

Before proceeding with the  computatfons f o r  the 7- by 

10-foot high-speed tunnel,  it w i l l  be convenient t o  discuss 

a method of' noise analysis, The t o t a l  noise pressure level. 

equals 



,,... 
', 
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where 

is t h o  bass noise  pressure  energy and 

is t+ t o t a l  nofse pressure energy. L e t  

where E ~ J  equals the  nofse pressure energy o f  the maximum 

component. Then 

where represents the summation of the percentages of a l l  

of the components, The maxfmum noise pressure l e v e l  equals 

Combining equations (4.1) and (4.6) 

and using equation (4,s) 
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The d i f f e rence  i n  dec ibe l s  of any conponent f rom the rnaximtm 

aamponent will equal 

DL e, Djg *. D (4.9 1 

where 

E (4.10) 10 7g D (IIr 20 log - 
then 

Let 

E (4.13 I % p 100 

represent the percentage of any oomponent t o  the maximum 

component, then 

If a noise  frequency sp0cb.m is p l o t t e d  w i t h  the 

frequency componsnts expresaed as percentages of the maxbm 

component, equat ions (4.8) and (4.24) will prove useful in 

analyzing the noise, Figure 27 contains a plot of 

equataon ( 4 . k )  



I ? 



88 

The following pages contain, without comment, the 

successivs steps in analyzing the acoustlc treatment applied 

to the 7- by 10-foot high-speed tunnel. 

Acousttc Baff le  and Tunnel Propertfes 

L = 18 f e e t  

H = 26 f e e t  

W = 2 feet 

t = 0.33 feet 

n m I - 4 -  

A - 730 square feat 

V I 72 ft/sec (befose baffle i n s t a l l a t i o n )  

p = 0.00206 siws/ft3 

T = &OO F + lr.60 = 600° F absolute  

M = 106.3 alugs/sec 

p = 2116 - 7 2109 lb / f t2  

Standard Conditfom 
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Densitg 
. --,.- 

‘\ 
.; . ,. .. P To p = Po x - x - 

Po T 

= 0.002378 x X = 0.00206 s iugs/f t3  

Coeff ic ien t  of Visoosi tg  

Kinematic Viscosftg: 

A i r  Flow Quantitg: 

Cross-Sectional Open Area through Baffles 

A0 - C 

= x 26 x 1.67 = 606 ~q ft 



Velocity through Baff les  

Reynolds Number 

- 85.1 x 18 - -4 2.02 X 10 

6 
=L: 7.58 x 10 

> 5 x lo6 
Turbulent f low 

Surface Area of Baff les  

A, = 2nHL 

= 2 x 4 x 26 x 18 = 13,110 f t 2  

Dynamic Pressure 

q = $PI? 

- - 2  ‘ X 2e06 X 10m’(85e1)2 = 7.46 lb/ft2 

F r i c t i o n  Coeff ic ient  



Power Loss 

PL FDV 

s 100 horsepower each 
s e t  of baffles 

T o t a l  PL i 2 x 100 6 200 horsepower 

Flexible Blanket 

2,OO l b / f t 2  = structural frmsvox-k 

0444 = 8 gage 4" Y 4" mesh 
6 ~ 3  

1.47 

B 7 in, - 10-1/2 lb/ f t2  P.F. bonded Fiberglaa 

= 13 gage expanded metal  lath 

1.75 

From Mass Law Graph f o r  fraquencfes between 100 -/see and 

roo0 JS@C 

+ 30 decibels 
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The value, of 30 dec ibe l s  f o r  the noise transmission 

l o s s  through the  f l e x i b l e  l ightweight blanket i a  only a very 

rough approximation. Actually,  t h e  blanket i s  probably more 

e f f e c t i v e .  However, i n  t h i s  case,  refinement i s  unnecessary 

because t h e  acoust ic  b a f f l e s  reduce the noise only  12 

dec ibe ls  proving t o  be t h e  weak pa in t  i n  the noise c o n t r o l  

system. Since the  preliminary ana lys i s  indicated t h a t  the 

noise i n t e n s i t i e s  r a d i a t i n g  from the exhaust tower and the 

tunnel  she l l  wer8 approximately equal,  and s ince the b a f f l e s  

p r i n c i p a l l y  a f f ec t ed  the  tower and the blanket p r i n c i p a l l y  

a f f e c t e d  t h e  s h e l l ,  then  the  excess I n  e f f ec t iveness  of the 

blanket  over the b a f f l e s  would have l i t t l e  i d l u e n c e  upon 

the  to ta l .  noise re8uct ion.  

The following cons t ruc t ion  photographs show the  noise 

c o n t r o l  measures appl ied t o  the 7- by l0-foot high-speed 

tunnel ,  

The downstream bafflscl a r e  i d e n t i c a l  w i t h  the  upstream a8 t o  

ma te r i a l  and cons t ruc t ion  bu t ,  s ince the tunnel  s i z e  ," 
increases  do stream, the  he'ight H and number of  

channels p1 a re  g r e a t e r ,  Average values were used i n  the 

example. Figures  29 ,  30 ,  and 31 sho successive steps i n  

the  e r e c t i o n  of the in su la t ing  blanket .  The aluminum 

colored s l a t e  granules had not been appl ied a t  the time of 

Figure 31. 

Figure 28 shows the upstream acoust ic  b a f f l e s ,  
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CHAPTER V 

C 0 NC LUDI NG REMARKS 

Four methods have been d iscussed  i n  d e t a i l  f o r  con- 

t r o l l i n g  t h e  noise  and v i b r a t i o n  generated by a wind tunne l .  

TWO of t h e  methods, acous t ic  b a f f l e s  and noise i n s u l a t i o n ,  

discussed i n  chapter  I1 and chapter  111, r e spec t ive ly ,  have 

been c l a s s s d  a s  q u a n t i t a t i v e  noise  c o n t r o l  measured f o r  

which a measurable, and gene ra l ly  p red ic t ab le ,  noise  

a t t e n u a t i o n  r e s u l t s .  The o t h e r  two methods, t u r n i n g  vane 

support and h e l i c a l  spr ings ,  discussed i n  appendix A and 

appendix B,  r e s p e c t i v e l y ,  a r e  c l a s s e d  a s  q u a l i t a t i v e  noise  

and v i b r a t i o n  c o n t r o l  meamres f o r  which the a t t e n u a t i o n  

may be measurable bu t  unpredictable  

The q u a l i t a t i v e  c o n t r o l  measures, h e l i c a l  sp r ings  

and t u r n i n g  vane support ,  have been arranged a s  independent 

u n i t s  i n  t h e  appendix w i t h  t h e i r  own symbols, figures, and 

re ferences .  T h i s  has  been dons bo th  f o r  convenience a d  

because they have wide a p p l i c a t i o n  i n  the  f i e l d  of s t r u c t u r a l  

des ign  o ther  than  noise  and v i b r a t i o n  con t ro l .  

Chapter IV cons iders  an example, the 7- by 10-foot 

high-speed tunnel ,  f o r  whioh q u a n t i t a t i v e  noise  c o n t r o l  

measures were appl ied.  The example i l l u s t r a t e s  t h a t ,  with 

the a i d  of a prel iminary noise  survey, reasonable 
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predic t ions  can be mads using the methods discussed i n  

chapter  If and chapter  111. 

Noise and v l b r a t i o n  c o n t r o l  i s  r e l a t i v e l y  undeveloped 

and f o r  the case of  ind  tunnels  is s t i l l  i n  i t s  inf'ancy, 

Much more t b e o r e t f c a l  ork and subs t an t i a t ing  test da ta  a re  

necessary before, i t  becomes a r e l i a b l e  medium i n  the hands 

of the s t r u c t u r a l  designer ,  
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APPENDIX A 

TURNING VAME SUPPORT FOR ELLIPTICAL CORNER R I N G S  

D i  8cuss ion  

When f l u i d  under pressure  i s  contained i n  a c y l i n -  

d r i c a l  duct aystem, the s h e l l  of t h e  duct may be stressed i n  

s e v e r a l  ways, The simplest case  occurs when,the duct is 

uniform, without d i scont  i n u i t y  and unres t ra ined  by s t i f f e n i n g  

r i n g s ,  Then the  maximum s t r e s s  i s  t h e  hoop s t r e s s ,  'When 

d i s c o n t i n u i t i e s  o r  r e s t r a i n t  e x i s t ,  t he  s t r e s s  d i s t r f b u t i o n  
.. 

is  more complicated. 

A p a r t i c u l a r  typa of d i s c o n t i n u i t y  t h a t  i s  common t o  

many duct systems i s  the  mitered junc t ion  r e s u l t i n g  from t h e  

n e c e s s i t y  f o r  changing the  d i r e c t i o n  of a i r  flow. The 

mitered junc t ion  of two c y l i n d e r s  i s  e l l i p t i c a l  i n  form. 

Usually t h e  stress d i s t r i b u t l o n  a t  t he  junc t ion  i a  severe 

r e s u l t i n g  i n  t h e  need f o r  reinforcement.  Usually, the 

reinforcement i s  a s t i f f e n i n g  r i n g ,  e l l i p t i c a l  i n  shape, 

designed t o  support a t  l e a s t  two cond i t ions  of loading: t h e  

pressure loading due t o  the  e f f e c t  of the pressure a c t i n g  

d i r e c t l y  on the expoeed sur face  of the r fn  ,and the presreure 

p l a t i n g  loading due t o  the e f f e c t  of the  long i tud ina l  and 

c i r cumfe ren t i a l  s t r e s s e s  i n  the c y l i n d e r s ,  
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Reference 1 discusses  the stress d i s t r i b u t i o n  act ing 

upon e l l i p t i c a l  corner r ings  due t o  pressure and pressure 

p l a t ing  loading, The bending moments, tsneion forces,  ana 

shear forces  i n  the s t i f f en ing  r i n g  a re  determined and pre- 

sented i n  the form of coef f ic ien ts .  No account is taken of 

r e s t r a i n t s  imposed on the r i n g  by any in t e rna l  s t ruc ture  

such as turning vanes, o r  by ex terna l  s t ruc tu re  such a s  

supports, but  the r i n g  alone is considered and i s  assumed t o  

be i n  equilibrium under the applied pressure and pressure 

p l a t ing  forces .  The f a c t  that  the  s h e l l s  w i l l  not normally 

be connected t o  the r ing  a t  i t s  center  l i n e  i s  also ignored. 

o a t  wind tunnels u t i l i z e  turning vanes, a t  the 

mitered junct ions,  t o  change the  d i r ec t ion  of a i r  f low.  

Usually, one end of  the turning vanes is  r i g i d l y  fastened t o  

the e l l i p t i c a l  corner r i n g  while the opposite end is secured 

by a s l o t t e d  connection t o  permit differences i n  thermal 

movement between vanes and r ing .  Consequently, the vanes 

are  s t r u c t u r a l  parae i tes  contr ibut ing nothltng t o  s t r u c t u r a l  

r i g i d i t y .  

The following mater ia l  presents  a method by which the 

turnink vanes and r i n g  can be analyzed a s  an i n t e g r a l  

@structural u n i t .  Each end of the vanes l a  assumed t o  be 

r i g i d l y  at tached t o  the inner surface of the r ing .  It w i l l  

be shown t h a t ,  general ly ,  the contr ibut ion of the vanes t o  

the support of the  mitered junotion i s  s u f f i c i e n t l y  large 

ia 
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t h a t  the requirements f o r  the s t i f f e n i n g  r i n g  can be s a t i s -  

f l e d  by a p l a t e  ins tead  of the usua l  rolled o r  bui l t -up  

sec t ions ,  Although the  vanes, design d a s  i n t e g r a l  compo- 

%th  the  ~ h g ,  ill be loaded more than otherwise,  the 

vane requirements a r e  l i t t l e  g r e a t e r ,  if any, than d i c t a t e d  

by good design p r a c t i c e ,  

The theory presented he re in  i s  based upon the  

ing  assumptions : 

1, The e l l i p t i c a l  r i n g  i s  f l e x i b l e  and w i l l  

not con t r ibu te  bending r e s i s t ance .  

2 .  The vanes a m  uniformly spaced and so 

numerous t h a t  the dis tance between vanes may be  

considered.arnal1 w i t h  respec t  t o  the  major axis of 

the e l l i p s e  so t h a t  the r e a c t i o n  of the vanes upon 

the  r i n g  approximates continuous loadlng. 

3 .  External  r e s t r a i n t s ,  such a s  supporting 

l egs ,  a re  not considered. 

4. Rest ra in t  of s h e l l  displacement by the 

r e in fo rc ing  r i n g  is not considered, 

5. The she l l  is connected t o  the r i n g  a t  the 

r i n g  cen te r  l i n e  e 

The loading consfdered herein,  ac t ing  upon the rnltersd 

junct ion,  is due e n t i r e l y  t o  pressures  The pressure may be 

pos i t i ve ,  i f  internal, o r  negative ( a  p a r t i a l  vacuum) i f  



external .  The r e s t r a i n t ,  offered by the turning vanes, is 

t h a t  neoesaary t o  keep the  f lex ible  r ing  i n  an e l l i p t i c a l  

conf igurat  ion. 



SYMBOLS 

a 

b 

C 

D 

F 

L 

P 

S 

t 

"3 Y 

8 

one-half major axis of e l l i p s e  

one-half minor a x i s  of e l l i p s e  and r a d i u s  of 

c y l i n d r i c  a 1 she 11 

leng th  measured along t h e  o i r c m f e r e n c e  of s h e l l  

uniform spacing of t u rn ing  vanes 

a x i a l  f o r c e  on turn ing  vanes ( t e n s i l e  f o r c e  p o s i t i v e )  

l eng th  measured along the cy l inde r  

pressure  on s h e l l  ( i n t e r n a l  pressure  p o s i t i v e )  

lgngth measured along the perimeter of e l l i p s e  

th ickness  of c y l i n d r i c a l  s h e l l  

t a n g e n t i a l  fo rce  on e l l i p t i c a l  r i n g  ( t e n s i o n  f o r c e  

p o s i t i v e )  

r e s t r a i n i n g  fo rce  per  u n i t  of perimeter ,  p a r a l l e l  t o  

Y-axis, ac t ing  on r e i n f o r c i n g  r i n g  

width of r e i n f o r c i n g  r i n g  exposed t o  pressure 

Car t e s i an  coord ina tes  of a point  on the e l l i p s e  

appl ied  f o r c e s  per  u n i t  of per imeter ,  p a r a l l e l  t o  the 

Car tes ian  coordinate  axes, a c t i n g  .on r e i n f o r c i n g  r i  

t 

one-half' stream d e f l e c t i o n  angle 

intensity of c i r cumfe ren t i a l  stress i n  cy l inde r  

i n t e n s i t y  of l ong i tud ina l  stress i n  cy l lnde r  
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Q, angular coordiM@e of' a point on ellipse 

\k inc l ina t ion  of normal t o  the major axis of' a point  

on ellipse 



1. Appleyard, W e ,  Bending loment, Tension, and Shear a t  a 
Mitered Junct ion  of Two Cyl ind r ioa l  Pressure Vessels. 
Royal A i r c r a f t  Establishment Farnborough, England. 
Technical Mote No. Aero 1906, J u l y  1947. 
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Figures 1 and 2 i l l u s t r a t e  the geometrical  p r o p e r t i e s  

of the mitered junc t ion .  From Figure 2 ( a ) ,  it i s  seen t h a t  

t he  r e l a t i o n s h i p  between the stream d e f l e c t i o n  angle and t h e  

e l l i p s e  axes equals  

C1.1) 
b cos e = 

The equat ion of the  e l l i p s e ,  i n  Car t e s i an  cooru ina tes ,  

equa ls  

= 1  X2 
a2 b2 
- +  

and i n  polar  coord ina tes  

x = a cos q, 

7 = b s i n  cp 

A d i f f e r e n t i a l  element of e l l i p s e  perfmeter equals  

and us ing  equat ions  ( 1 . 3 )  becomes 

ds = b ( l  + tan2@ sin2Ip)’’*dcp 

( 1 . 3 )  



110 

"/ \ / I l l 1  

FIG. I 

Ax IS 



111 



112 

From Figure 1, it i a  seen t h a t  a d i f f e r e n t i a l  element 

of s h e l l  circumference w i l l  equal 

and then a d i f f e r e n t i a l  element of s h e l l  length w i l l  equal 

or 

Using equation (1.5), equation (1.8) becomes 

dL = b t a n  9 s i n  cp dv ( 1 . 9 )  

L e t  q represent  the angular coordinate,  with 

respect  t o  the major ax is ,  of any norma1 point  on the 

e l l i p s e ,  Then, from Figure 2(b), 

(1.10) 



and using equat ions (1.3) 

a t a n  \k = 6 t a n 9  

s i n  $ = a B in9  (1.11) 

cos 9 = b cos 

Using equat ions (1.11) 
- 

(1.12) a sec2!cP dcp - a cos2* dcp 
2 - cos cp 2 d\k = ij. 

sec $ 

2 cos 6 = 
b2(%>' 

Using equations (lel)E and (1.a) 

then 



and 

OP 

b cos 8 d $  ds = 
(1 - sin28 sin2*)3’2 

Equation (1.14) may be written 



'P 

2. GENERAL LOADING 

Figure 3(b) shows the  assumed loading a c t i n g  upon any 

small  l ength ,  As, of the  e l l i p t i c a l  r i n g  per imeter .  The 

ring is assumed t o  be a f l e x i b l e  cord held i n  an e l l i p t i c a l  

shape by t he  load d i s t r i b u t i o n  shown. The summation of the 

h o r i z o n t a l  forces must equal  zero o r  - 
T~ sin f + x9 A B  - (T? + AT*) s i n ( +  + A $ )  = o ( 2 4  

or 

( T ~  + ~ ~ J s i n ( $  + 4 9 )  - T~ s i n  = X,A~ 

which may be w r i t t e n  

A(T@ s i n  q )  = X~ AS 

A s  As approaches zero, equat ion (2,3) becomes t h e  t o t a l  

d i f f e r e n t i a l  

which equals  

s i n  9 dT, f T, (308 d$ = XQ ds (2.5) 

The summation of the v e r t i c a l  fo rces  must equal zero o r  

( T ~  + AT,)CO+, + A*)  +- y9, AS - v9 AS .. T COB * = 0 (2.4) 
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which may be w r i t t e n  

As As approaches zero,  equat ion (2 .8)  becomes the t o t a l  

d i f f e r e n t i a l  

which equals  

cos -+ dTg - Tg, s i n  $ d $  = (2.10) 

Using equat ions ( 1 . 1 9 )  and (2.5), t he re  r e s u l t s  

b cos  8 Xg c!t$ 
(2.11) 3 /2 s i n  $ dT* + T cos ++ d\r( = 

(I - s in20  si&$) 

Dividing each s i d e  of the equatfon by sfn $ dp, then  

which may be m i t t e n  
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which i s  a f i r e t  order  l i nea r  d i f f e r e n t i a l  equation and 

where 

Let 

TEp = u v  

and when subs t i t u t ed  i n  equation (2 ,12)  

1 
 in 

u =  

and 

( 2 ~ ~ 6 )  

where C is a cons tan t  of In t eg ra t ion  that must be adjusted 

f o r  the boundary condi t ions .  

Remite equations (2.5) and (2.10) a s  follows: 



Dividing equation (2.18) by (2,l9), there resul ts  

t a n  $ = (2.20) 

and using equation ( 1.19) 

(1 - sin20 sin+) 3/2 
T (2.21) 

b cos 0 s i n  + 
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3. PFBSSURE LOADING 
, . -. 

.' ,) 
The pressure loading, due t o  the effect  of the 

pressure act ing d i r e c t l y  on the exposed surface of the 

reinforcing r ing ,  is  the same as  f o r  a pressure vessel of 

e l l i p t i c a l  cross  sect ion.  The pressure loading components, 

a t  any point  on the Junction defined by the  Cartesian 

coordinates x and y o r  the  angular coordinate 

equal 

where p is the pressure aot ing on the r fng  and w i s  the 

width of r i n g  exposed t o  pressure.  Using equations (1.3) 

X, ds = pwb cos 4, d@ 

Y4, ds = pwa s i n  (B dq 

and using equation ( 1.5 

J 4 
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Figures  4 and 5 a re  graphs of equations ( 3 . 3 )  

'1911th the  a i d  o f  equat ions (1.16), (1.20), and (1.21), 

equations (3.3) may be writ ten 

3 X8 = pw 00s 9 

Yq = pw sin $ 
(3.4)' 

Subs t i t u t ing  equations (3.4) i n  equat ion (2.17) 

whfch a f t e r  i n t eg ra t ion  equals 

pwb 00s 0 s i n  $ 
v =  

(1 - sin2@ sin 

morn equat ions (2.15) ,  (2.16), and (3.5) 

(3.6) 

If' the stream def l ec t ion  angle, 28, equals  zero, the t e n s i l e  

force i n  the r i n g  w i l l  be cons tan t ,  with respec t  t o  9 ,  and 

' will equal  the hoop stmss, or 
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. .  

= pwb 

and 

c = o  

Equation (3 .7)  then becomes 

(3.9) 

Using 'equat ion (1.21)  

(3.11) T, = pwb cos B(1 + tan2@ sin2@) 1/2 

Figure 6 i s  a graph of equation (5.11). 

Combining equatfons (2,211, (3.41, and (3.10), there 

results 

V~ = pa sin26 s i n  q (3.12) 

From equat ion (1.10) and, b y  d e f i n i t i o n ,  V9 ds 

when a c t i n g  inward on the aing, equation (3 .12 )  may be 

w r i t  t en  

is p o s i t i v e  
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o r  

Let 

( 3 - 4 1  2 ds = PW s i n  e dx 

represent  the force ,  necessary t o  maintain the f l e x i b l e  r i n g  

i n  an e l l i p t i c a l  configurat ion,  t ha t  a c t s  upon a s m a l l  

sect ion of r ing  defined by the boundary ("2 - x l ) .  If 

i a  the  uniform spacing of t he  turning vanes, small w i t h  

respect  t o  the major  ax is  2a, then 

represents  the forces ,  exerted by the  turning vanes, which 

keep the f l e x i b l e  r i n g  i n  an e l l i p t i c a l  shape when subjected 

t o  pressure ac t ing  d i r e c t l y  upon the exposed surface of the 

r ing .  For t h i s  pa r t i cu la r  case,  a l l  of the  vanes a re  

equal ly  loaded, the forces  being independent of the angle, 4p. 

Figure 7 is  a graph of equation (3.17) . 
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4. PRESSURE PLATIN0 LOADING 
. - _, 

, 
I 

. .  

a ;, 

Figure l ( a )  shows a d i f f e r e n t i a l  element of s h e l l  

sur face  bounded by a c i r cumfe ren t i a l  l ength  of s h e l l  dc ,  a 

long i tud ina l  length  o f .  she l l  dl;, and a length of mitered 

j o i n t  perimeter ds,  Figure 3 ( a )  shows an enlarged view of 

t h i s  d i f f e r e n t i a l  eilement and i t s  counterpar t  on t h e  opposfte 

side of the junc t ion .  

The s t a t e  of s t r e s s  i n  the s h e l l  a t  t he  mitered 

junc t ion  w i l l  include: l ong i tud ina l  and c i r cumfe ren t i a l  

stresses due t o  pressure ,  and shear ing and bending s t r e s s e s  

due t o  r e s t r a i n t  of t h e  s h e l l  dfsplacsments by the  

r e in fo rc ing  r i n g .  Figure 3 ( a )  shows the long i tud ina l  and 

c i r cumfe ren t i a l  s t r e s s e s ,  which a re  those normally 

encountered i n  c y l i n d r i c a l  p ressure  vesse ls ,  and which 

equal  

where p i s  the pressure a c t i n g  on t h e  s h e l l ,  b i s  the  

r a d i u s  of t h e  s h e l l  and one-half of the  minor axis of the 

e l l i p s e ,  and t i s  the  she l l  th ickness .  

The pressure  p l a t i n g  stresses, due t o  the long i tud ina l  

and c i r cumfe ren t i a l  stresses i n  the shel l ,  produce loading 
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components, a t  any point on the junc t ion  def ined by the 

angular coordinate  , i n  the  X-direction, equal t o  

and i n  the  Y-direction, equal t o  

Yg, ds = 2(oc t  dL cos  8 )  (4.3) 

Due t o  symmetry, the loading components i n  the 2-d i rec t ion  

a r e  equal  and opposi te ,  ac t in8  perpendicular t o  the  plane 

of the r ing ,  o r  

Zq ds = cq,t de cos 0 4 Q c t  dL s i n  8 s i n  (4.41 

Subs t i t u t ing  f o r  VL, ucy dL, dc, and simplifying, 

equations (4 .2 ) ,  (4 .3) ,  and (4.4) become 

(4.5) 

Xq, ds = pb2sin 8 cos 29 dq 

Yq ds = pb2tan 8 s i n  29 



and, us ing  equat ion  (1.5) , 

v -  pb s i n  8 cos 29 

Equations (4.5) and (4.6) a re  v e r f f i e d  by reference 1. 

Figures  8, 9 ,  and 10 are graphs of equat ions ( 4 e 6 ) e  

Using equat ion ( 1*19)9 equat ion (2.17) becomes 

v = Jxo ds f c 

and from t h e  first of equat ions  (4.5) 

v = pb s i n  8 COS 2tp dcp f C 2 s  
which, a f t e r  i n t e g r a t i o n ,  equals  

(4.7) 

(4.9 1 v = pb 2 s i n  0 s i n  

Combinfng equat ions (2.15) ,  (2 .16) ,  and (4 .9) ,  and 

using equat ions (1.5) and (1.11) 
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+ = pb2ain 0 cos 8 00s 'p(1 + tan28 s i n  2 rg ** 
v s i n  (B 

If the stream de f l ec t ion  angle, 28, equals  zero, -,le t e n s i l e  

force  i n  the r i n g  due t o  the pressure p l a t ing  loading w i l l  

vanish. Therefore 

(TJ 2*=0 = o  

and 
c = o  

Equation (4.10) then becomes 

= pb2sin e cos e cos c p ( 1  + tan% s i n  2 9 )"/" 
*s, 

(4.11) 

(4.13) 

Figure 11 is a graph of equationt4.13) . 
Combining equatltons (2.21), (4.61, and (4.13), and 

using equat ions (l.?), (l.ll), and (1.21) t he re  r e s u l t s  

= 2pb sin2$ t a n  0 ( 4 . 4 )  

From equations (1.3) and (1.5) and, by de f in i t i on ,  V 

is p o s i t i v e  when acrting inward on the r i n g ,  equation (4.4) 
may be wr i t t en  

P 
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Let 

represent  the fo rce ,  necessary t o  maintain the f l e x i b l e  r i n g  

i n  an e l l i p t i c a l  configurat ion,  t h a t  a c t s  upon a small  

s ec t ion  of the r i n g  defined by t h e  boundary (x1 - x2). If 

i s  the  uniform spacing of t h e  turning vanes, small with 

respec t  t o  the major ax i s  2a, and 

x2 + X I  Ihl 

= x  = a cos cp 
2 

then 

= 2pbD sin38 C O S  tp *v 

represents  the fo rces ,  exer ted by the  turn ing  vanes, which 

keep the  f l e x i b l e  r i n g  i n  an e l l f p t i c a l  shape when subjected 

t o  pressure p l a t i n g  loading. Figure 12 i s  a graph of 

equat ion  (4.19). 
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WELIChL COMPRESSION SPRIFIGS SUBJECTED TO 

COMBIHED LOADXNQ 

D i  scu s s i  on 

It i s  the  purpose of t h i s  sec t ion  to develop formu- 

l a s  f o r  t h e  engineering design of h e l i c a l  compression 

spr ings  subjected t o  combined loading. The following 

mate r i a l  i s  r e s t r i c t e d  t o  h e l i c a l  c o i l  spr ings  with uniform 

c o i l  diameter,  uniform p i t c h ,  and round wire. The combined 

loading c o n s i s t s  of an a x i a l  compressive fo rce ,  8 later$%: 

f o r c e  perpendicular  t o  t he  c o i l  axis, and a b e n d i n g  

moment, In ad9 i t ion  t o  formulas, graphs and alintsment 

c h a r t s  are iaoluded i n  order  t o  s implify d e s i g n  procedure. 

Under cest@hia condi t ions ,  t h e  use of h e l i c e l  

compression s p r i n g s  f o r  the support  of po r t ions  o f  Parge 

s t r u c t u r e s  such a s  wind t unne l s  w i l l  prove extremely 

advantageous. If t h e  s t r u c t u r e  t o  be supported i s  

antic loading, the, sp r ing  supports ,  i f  

proper ly  designed, w i l l  provide  s p e c i f i c  csontrolled n a t u r a l  

frequeBcic4s for t he  aystem allowing bi minimum of dynamic 

forces t o  be t ransmi t ted  through the  supports  i n t o  adjacent  

po r t ions  of t h e  s t r u c t u r e .  The sp r ings ,  t he re fo re ,  a c t  as 
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a vibr r l t ion  break, reducing  t o  a minimum. t h e  t r a n s f e r  of 

dynamic f o r c e s  Prom one p o r t i o n  of the s t r u c t u r e  t o  

another .  

I f  t he  s t r u c t u r e  t o  be supported r e q u i r e s  many 

suppor t ine  p o i n t s ,  a sp r ing  suppor t ing  system w i l l  have 

t h e  advantage of p rov id ing  an e l a s t i c  foundat ion which 

will compensate f o r  small  d e f l e c t i o n s  a c t i n g  i n  t h e  a x i a l  

d i r e c t i o n  of t h e  c o i l  s p r i n g s  caused by temperature  changes 

-in t h e  s t r u c t u r e .  This e f f e c t  r e s u l t s  f rom t h e  r e l a t i v e l y  

small  s p r i n g  cons t an t  of a s p r i n g  o r  n e s t  of s p r i n g s  as 

compared with t h a t  of a r i g i d  support .  A smal l  d e f l e c t i o n  

imposed upon 9 c o i l  s p r i n g  r e s u l t s  i n  only a small change 

i n  r e a c t i o n  while t h e  same d e f l e c t i o n  imposed upon a r i g i d  

support  r e s u l t s  i n  a r e l a t i v e l y  l a r g e  change i n  r e a c t i o n .  

The need  f o r  e l a s t i c  suppor ts  f o r  8 p a r t i c u l a r  

s t r u c t u r e  w i l l ,  of course,  depend upon t h e  requirements ,  

f u n c t i o n ,  and p red ic t ed  behavior  of t h e  s t r u c t u r e ,  

Assulaing an e l a s t i c  SupportinR system i s  advantageous, the  

f o r m l ! a s  and graphs  included h e r e i n  should prove use fu l  t o  

t h e  d e s i g n e s  i n  p rovid ing  t h e  proppr e l a s t i c  system, 

H e l i c e l  c o i l  s p r i n g s  subjec ted  t o  a x i s 1  f o r c e s  only a r e  in 

g e n e r a l  u se  throughout  the '  engineer ing  p ro fes s ion  and 

formulas  f o r  d e s i g n i n g  them a rd  r e a d i l y  a v a i l a b l e .  

H O W ~ V ~ Y ,  when h e l i c a l  c o i l  s p r i n g s  a r e  used t o  suppor t  

l a r g e  s t r u c t u r e s ,  t h e  s p r i n g s  may be subjec ted  t o  f o r c e s  

* 



perpendicular  t o  t h e  c o i l  a x i s  and t o  bending momants as 

well  a s  t o  a x i a l  f o r c e s ,  The l a t e r a l  f o r c e s  and bending 

momeats m y  be dus t o  the thermal movement of t h e  

s t r u c t u r e .  The fol lowing theory  inc ludes  s t r e s s  a n a l y s i s  

of a o i l  springs S U b 3 e C t 8 d  t o  a x i a l  and l s t e r a l  f o r c e s  an3 

t p  bending moments r e s u l t i n g  i n  formulss s impl i f ied  f o r  

use by t h e  des igner ,  The r e s u l t s  a r e  not exact but are on 

t h e  s a f e  s i d e ,  Graphs are included which apply t o  t h e  

s p e c i a l  case of high s t r eng th  a l l o y  s t e e l  sprfngs sub jeo t sa  

t o  an a x i a l  f o r c e ,  and 9 l a t e r a l  d e f l e c t i o n  w i t h  t h e  ends of' 

t h e  sp r ing  remaining p a r a l l e l .  This  i s  t h e  most genera l  

case and w i l l  f i n d  t h e  w i d e s t  usage, S u f f i c i e n t  theory is 

presented so  t h a t  o the r  cases  can be developed. 

$s mentioned e a r l i e r ,  t h e  fol lowing theory i s  

r e s t r i c t e d  t o  h e l i c a l  spr ings  with uniform c o i l  diameter,  

uniform p i t c h ,  an4 round wire. T h i s  typo  i s  most e a s i l y  

manufactured, most gene ra l ly  used, and r e s u l t s  in lass 

complicated stress ana lys i s .  a d d i t i o n a l  stu4yt leading t o  

t h e  development of theory f o r  spr ings  having v a ~ i  

d i a m e t e r ,  v a r i a b l e  p i toh ,  with wire o ross  sec t ion  o the r  than 

round may be d e s i r a b l e  but would d e f i n i t e l y  be c l a s s i f i e d  as 

"spec ia l"  ilnsofar a s  p r a c t i c a l  a p p l i c a t i o n s  a r e  concerned 

A f u r t h e r  r e s t r i c t i o n  i n  t he  following theory  i s  t h a t  the 

a x i a l  fo roe  sjlpplfsd t o  t he  epring i s  compressive. The 

stress analysis p a r t  of t h e  theory  i s  va l id  f o r  tens ion  

P 



s p r i n g s  a s  w e l l  a s  f o r  compression sp r inga ,  bu t  t h e  

s i m p l i f i c a t i o n s  m s d e  for ease of t h e  s t r u c t u r a l  r3esigner 

would n o t  be on the s a f e  side6 Furthermore,  i t  is t h e  

opin ion  of‘ t h e  au tho r ,  t h s t  f o r  t h e  suppor t  of large 

s t r u c t u r e s ,  a compression 8pping is g e n e r a l l y  more p r a c t i c s l  

than  R t e n s i o n  sp r ing .  A t e n s i o n  s p r i n g ,  i f  overloaded,  may 

r u p t u r e .  1 p r o p e r l y  4esiRned compression s p r i n g ,  if 

overloaded,  w i l l  a t  worst  compress t o  s o l i d  h e i g h t  witbout  

r u p t u r e  and from then  on behave a s  Q s o l i d  bar .  Hn 

impor tan t  c o n s i d e r a t i o n  f o r  compression s p r i n g s  i s  s t a b i l i t y  

o r  r e s c s t a n c e  a g a i n s t  buckling;. The following t h e o r y  

i n c l u d e s  s t a b i l i t y  c o n s i d e r a t i o n s  s o  t h a t  a compression 

s p r i n g  can be d e s i g n e d  with a s p e c i f i e d  l a t e r a l  d e f l e c t i o n  

and can be compressed t o  arolid h e i g h t  wi thout  buckl ing  o r  

r u p t u r e .  Due t o  t h e  s t a b i l i t y  c o n s i d e r a t i o n s ,  t he  l a t e r a l  

g e f l e c t i o n  imposed up&m a compression s p r i n g  will be more 

l i m i t e d  t h s n  t h a t  fe r  a comparable t e n s i o n  sp r ing .  However, 

f o r  most p r a c t i c a l  a p p l i c a t i o n s ,  compression s p r i n g s  can be 

designer3 w i t h  8 s a t i s f a c t o r y  a l lowab le  l a t e r a l  d e f l e c t i o n .  

For s p e c i a l  e p p l i c a t i o n s ,  where t h e  l a t e r a l  d e f l e c t i o n s  a r e  

p r o h i b i t i v e l y  Large for the  fo l lowing  theo ry ,  0 system may 

be devised where t h e  s t r u c t u r e  i.8 “hung‘’ from compression 

s p r i n g s  thus avoid ing  t h e  u n d e s i r a b l e  f s a t u r e s  of t e n s i o n  

sp r ings .  



It  i s  t h e  a u t h o r ’ s  considered opinion t h a t  t h e r e  a r e  

many a p p l i c a t i o n s  where a s t r u c t u r e  subjected t o  thermal 

movement may be more advantageously supported by s p r i n g s  

than by r o l l e r s  o r  s l i d i n g  base p l a t e s .  a spr ing  system 

would ac t  e s s e n t i a l l y  t h e  same as  a compound r o l l e r  system 

in t h a t  movement could occur i n  any d i r e c t i o n  l a t e r a l  t o  t h e  

c o i l  a x i s ,  The s p r i n g s  have t h e  a d d e d  a4vantage of 

compensating for small movements p a r a l l e l  t o  t h e  c o i l  ax i s .  

Most of t h e  d a t a  is arranged mope convenient ly  f o r  

a n a l y s i s  thsn  f o r  des ign .  I n  o rder  t o  design a sp r ing  with 

the included formulas 423.3 graphs,  phys i ca l  c h s r s c t e r i s t i o s  

should be ~ssumed, where necesss ry ,  and  t h e  procedure 

conducted i n  an analytical mannerI This design procedure 

i s  i n  no way unusual a s  most s t r u c t u r a l  design i s  performed 

in this manner. 
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SYMBOLS 

aL 

A 

C 

CR 

d 

D 

e 

E 

F 

F 

G 

H 

dimensionless f a c t o r  

c ros s - sec t iona l  a rea  of sp r ing  wire,  € n e  2 

dimensional f a c t o r s  u s u a l l y  constant  

a x i a l  f o r c e  on sp r ing  wire, l b  

subsc r ip t  aenot ing " c r i t i c a l "  

diameter of spr ing  wire, i n ,  

&an c o i l  ddameter of h e l i c a l  spr ing ,  i n ,  

e c c e n t r i c i t y  of a x i a l  f o r c e  on spr ing  end f a c e s ,  i n .  

modulus of e l a a t l c i t y  i n  ' tension and oompression, 

lb / in  .2 

equiva len t  compressive r i g i d i t y  f o r  a h e l i c a l  

spr ing ,  lb 

equivalent  f l e x u r a l  r i g i d i t y  f o r  a h e l i c a l  spr ing ,  
2 lb- in .  

dimensionless s t r e s s  ampl i f i ca t ion  f a c t o r  

subsc r ip t  denoting " f r ee  length" 

dimensionless f a c t o r s ,  u s u a l l y  cons tan t  

modulus of e l a s t i c i t y  in shear ,  lb/in.  2 

equiva len t  shear ing r i g i d i t y  f o r  a h e l i c a l  

sp r ing ,  lb 

l a t e r a l  f o r c e  appl ied  t o  sp r ing  ends, l b  



4 4  

T 

?P. 
J 

k 

KS 

L 

LCR 

LF 
LP 

n 

N 

P 

PF' 
ps  

diameter moment of  i n e r t i a  of sp r ing  wire,  i n .4  
p o l a r  moment of i n e r t i a  of sp r ing  wire, in .4  

dimensionless f a c t o r  

spr fng  cons tan t  , lb/ fn,  

curva ture  c o r r e c t i o n  f a c t o r  f o r  bending stress 

curva ture  c o r r e c t i o n  f a c t o r  f o r  shear ing s t r e s s  

c o r r e c t i o n  f a c t o r  for curva ture  and f a t i g u e  

a x i a l  l ength  of a c t i v e  c o i l s  f o r  any loading, i n .  

c r i t i c a l  axial l ength  of a c t i v e  c o i l s ,  i n .  

a x i a l  f ree  length  of a c t i v e  c o i l s ,  i n .  

a x i a l  l ength  of a c t i v e  c o i l s  for appl ied f o r c e  P ,  

i n .  

a x i a l  s o l i d  length  of ac t fve  coils, i n .  

t o t a l  axial f ree  length  o f  a l l  c o i l s ,  i n .  

bending moment appl ied  t o  spr ing  ends, in.-lb 

bendfng moment about rn-m a x i s  of sp r ing  wire 

cro$s s e c t i o n ,  i n , - l b  

bending m o m e n t  about R-axis of sp r ing  wire c r o s s  

s e c t i o n ,  in . - lb  

number of a c t i v e  c o f l s  

c ros s - sec t iona l  fomn f a c t o r  

coil p i t c h  f o r  any loading, i n .  

ooil p i t c h  a t  free length,  in, 

c o i l  p i t c h  a t  s o l i d  length,  i n .  

c 



4 5  

P 

PE 

PCR 
r 

R 

8 

8 

S 

T 

U 

vR 

'1 z 

2 

U 

ctp;l 

P 

yM 

a x i a l  force ,  l b  

Euler a x i a l  force ,  l b  

c r i t i c a l  a x i a l  force ,  l b  

radius  of  spr ing wire, i n .  

radius  of  he l ix ,  i n .  

length of spr ing wire or he l ix ,  in .  

sub s c r i p t  denoting "springu 

sub s c r i p  t deno t ing I' ao 1 id" 
- 

subscr ipt  deno t ing '' she a r  '' 
torque on spr ing wire, in . - lb  

s t r a i n  energy, in.-lb 

t o t a l  s t r a i n  energy, in , - lb  

shearing force p a r a l l e l  t o  m-m axis of spr ing 

wire c ross  sect ion,  Ib 

shearing force p a r a l l e l  t o  R-axis of spr ing wire 

cross sect ion,  l b  

Cartesian coordinate s 

dimensionless def lec t ion  f a c t o r  

c o i l  p i t ch  angle f o r  any loading, radians 

c o i l  p i t c h  angle a t  f r e e  length,  radians 

c o i l  p i t c h  angle a t  s o l i d  length 

curvature cor rec t ion  f a c t o r  

angle of ro t a t ion  of app&ied moment I, radians 



"1 + 

"S 

cp 

axia l  d e f l e c t i o n  f o r  any loading, i n .  

a x i a l  d e f l e c t i o n  due t o  curva ture ,  i n ,  

a x i a l  d e f l e c t i o n  due t o  curvature  f o r  c r i t i c a l  

loading,  i n .  

a x i a l  d e f l e c t i o n  f o r  a x i a l  loading, in .  

a x i a l  d e f l e c t i o n  f o r  c r i t i c a l  a x i a l  load, i n ,  

axial s o l i d  deflectfon, i n .  

l a t e r a l  d e f l e c t i o n  of sp r ing  ends, in .  

Poisson 's  r a t i o  

normal s t r e s s  on sp r ing  wire cro8s sec t ion ,  l b / in ,  2 

compressive normal stress on sp r ing  wire cro8s 

sec t ion ,  lb/in.2 

bending normal stress on spr ing wire cross 
s e c t i o n ,  Ib/in. 2 

shear ing stress on sp r ing  wire c r o s s  sec t ion ,  

lb / i n  , ' 
torque shear ing stretss on sp r ing  wire c r o e s  

sec t ion, lb/in .2 

d i r e c t  shear ing stress on sp r ing  wire Gross  

s ec t ion ,  lb/in.2 

angular coordinate  of a po in t  on h e l i x ,  Padians 
> - -------- 
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Before discussing the theory far loaded h e l i c a l  

spr ings,  it ill be convenient t o  develop formulas, to be 

used l a t e r ,  showing the r e l a t ionsh ip  between the basic 

geomt r i c  propert ies  of a helix.  The following theory €8 

v a l i d  only f o r  a helix 

diameter 

i t h  uniform p i t c h  and mifarm c o i l  

Figure l ( a )  shows a typioa l  open co i led  he11x. Let 

any point along the c o i l  ax is  be the o r ig in  of a rectangular  

system of coordinate  axes, a8 indicated i n  Figure l ( b ) ,  w i t h  

the Z - a x i s  coincident w i t h  the c o i l  axis. The pitch 

angle a represents  the angle bet  een any d i f f e r e n t i a l  

length ds of the he l ix  and the project ion of ds upon the 

X-Y plane perpendicular t o  the c o i l  a x i s ,  l i t h  the a id  of 

Figure l(b), the  following d i f f e r e n t i a l  re la t ionships  are 

obtains d. 

aa: s i n  a - - ds 

ds cos a = 



Z 4 9  

Z 

. 



dz = ds s i n  a 

8 
dz = s i n  a ds 

from whfoh 

or 
L 

s i n  a I =  

Using equat ion  (b), wei mite 

from which 

- 2ntrR - nnD $ - - - -  
~ o s  a cos a. 

using equat ion  ( c ) ,  we mite 

dz = R &$, t an  a 

from whicsh 

z = Rtp tan a 

dz = R ten a 

(1-1) 



from which 

p = 2nR t an  a = wD tan a 

o r ,  rearranging 

tan a = 5 
A l s o  

L = 2nnR tan a =: nnD tan a = np (1-7) 

The above equations containing only the basic 

geometric properties of' a hel ix  ( p ,  D, a, L, a )  w i l l  be used 

l a t e r  i n  deriving the s t r e s s  analysis and deflection 

equations of a loaded spring. The he l ix  represents the 

center l ine of the spring wire and the equations derived f o r  

the hel ix  w i l l  i n  turn apply  t o  the c o i l  spring except f o r  

the conditfomcoE'eolid compression. Due t o  the f a c t  tha t  

the, spring wire has f i n i t e  dimensions, the pitch angle, 

unlike tha t  of a dimensionless helix,  aan never equal zeroe 

It w i l l  be convenient a t  t h i s  time t o  discuss the geometric 

charac te r i s t ics  o f  a c o i l  spring when the spring has been 

compressed s o l i d  ,, 

Figure X(c) shows one cyale of a hel ix  representing 

the oentcsr l ine  of thrs wire f o r  o m  complete o o i l  of a 

h e l i c a l  spring compressed so l id .  Sinee the c o i l s  are  i n  



, 

contact ,  the distance between any two adgacent c o i l s  

perpendicular t o  the wire center l i n e  ( h e l i x )  will be equal 

t o  d, the wire diameter. L e t  a, and ps be the p i t ch  

angle and. pitch ,  respectively,  of the spring a t  ao l id  

compression. Figure 1(d)  shows the geometric re lat ionship  

between p s ,  US, and 4. From the figure 

- -  a - COB ug;i 
Pa 

fronr which 

A l s o ,  from equation (1-5) f o r  the oondlttion of solid 

compression 

ps = nD t an  as 

Then 

= MI tan as cos as 

and 

Combining equations (d) and (f), 

- d 
Pa - P 



or 

PS 
"is(- 

Equation (1-8) shows the re la t ionship  between ps, d, 

and D f o r  the condi t ion of  8o l id  compression, It is 

advantageous t o  invest igate  the3 l imi t ing  values f o r  the 

ratio pa/d. The r a t f o  D/d can vary from a minimum of 3 

t o  an unl imitea m a x i m u m .  So f o r  = 1 D 

U 

D and f o r  3 = 88 

ver, fo r  wanufac,uriw c m i o m ,  i, is d i f f i c u l t  and 

impract iaal  t o  c o i l  a spr ing with a D/d r a t i o  less 

than 4. Consequently, f o r  a = 4 D 

L 

The above di~rcuesion of a h e l i c a l  spr ing a t  a o l i d  

length indicates  t h a t  the r a t i o  p8/d fer dependent upon 

the r a t i o  D/d only and i r s  very nearly equal t o  a oonstant 



for a l l  p r a c t i c a l  values of D/d. Therefore, there. w i l l  be 

l i t t l e  appreciable e r r o r  i f  the following assumption is 

made : 

Consequently, from equation ( l a ? ) ,  the a x i a l  length of 

act ive c o i l s  f o r  the condi t ion o f  s o l i d  length becomes 

I;, = np, = nd 

and from equation (1-6)  and equation ( e )  

t a n  as = - - WD 

(1-10) 

(1-11) 

It is evident ,  therefore ,  t h a t ,  f o r  the condi t ion of  s o l i d  

length,  the p i t ch  angle a, i s  s u f f i c i e n t l y  small t h a t  the 

following assumptions are  reasonable : 

s i n  2 us = t a n  2 u8 = 0 and cos as = 1 (1-12) 

Due t o  the ac t ion  of a combfned system of forces  and 

bending moments, a h e l i c a l  spr ing  w i l l  undergo d i s to r t ion .  

The d i s t o r t i o n  can be divided into three  components, a x i a l  

def lec t ion ,  l a t e r a l  def lec t ion ,  and curva twe which can be 

independently r e l a t e d  t o  the appl ied f o r o e s  and bending 

moments. The a x i a l  def lec t ion ,  furthermore , can be r e l a t e a  

t r i o  propert ies  of the he l ix  and w i l l  be 

considered i n  this  sec t ion  under spring geometry. Let a, p, 

d 
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L, and 8 be respec t ive ly  the p i t ch  angle, pi tch,  a x i a l  

length of actfve coilEp, and a x i a l  def lec t ion  when the spr ing 

i a  subjected t o  oombined loading. Let t  as, pa, L,, 

and 6, represent  the above quan t i t i e s  fo r  the condi t ion of 

s o l i d  length a d  list UF, p ~ ,  I+, and $ represent  the 

above quant l t iee  f o r  the f r e e  length or unloaded aondition. 

The assumption l a  made that,under a reasonable loading 

syetem, where the d i s to r t ions  ape not permanent, the c o i l  

and wire diameters D and d are constant ,  The following 

re la t ionships  between t k u 4  above quan t i t i e s  a r e  apparent 

For thts unloaded condi t ion 

% = O  

For the loaded condi t ion 

S = $ - n p  

and from equations (1-7) and (1-5) 

= npF and p = nD t a n  a 

then 

6 = n(pp - nD t a n  a) 

OP 

t a n  u = -(+ 1 - :) 
For the  s o l i d  length condi t ion 

or  



In  order t o  be reasonably c e r t a i n  tha t  the combined 

loading system a c t s  upon the spr ing i n  the predicted manner, 

the spr ing  end conditions and thet method of loading muat be 

prsperly designed, Figure 2 ( a )  shows an unloaded h e l i c a l  

compression spr ing,  t yp ica l  of the type under considerat ion 

i n  t h i s  paper, Each end of the spr ing  has two inact ive 

closed o o l l s  w i t h  the  end faces .ground perpendicular t o  the 

c o i l  axis .  The s p r i n g  i s  designed t o  be mounted between two 

loading p l a t e s  which a re  r i g i d l y  at tached t o  the two 

s t ruc tu res  requir ing e l a s t i c  separat ion and which t r ans fe r  

the combined system of forces  an3 bending moments t o  the 

spring. The ground end faoes of the spring provide square 

contact between the spr ing ends and loading p l a t e  and 

contr ibute  toward uniform a x i a l  loadin8 of the c o i l s  and 

t ransfer  of bending moment, PLgure 2 ( b )  i l l u e t r a t e s  tb 

mounting of the  spring t o  the loading p l a t e .  The plug 

t r ans fe r s  the l a t e r a l  force, and aids i n  t r ans fe r r ing  the 

bending moment, The inact ive c o i l s  a t  each end of the 

spr ing permit the plug t o  pro jec t  i n t o  the  core of the 

spr ing without c lashing with tb act ive c o i l s .  

The t o t a l  length of the spring f o r  the unloaded 

condi t ion s h a l l  bet designated by 

and shall equal the t o t a l  axial length of ac t ive  and 

inact ive c o i l s .  If the nurnber of inact ive c o i l s  a t  each 

end of the spring is two, then 

+ as shown i p 1  Figure 2 ( a )  

riff 





-* 

") 
. . ..2 and shoes 

the, n 

(1-16) 



2. GEIdERAL LOADING 

The h e l i c a l  spr ings  s h a l l  be subjec ted  t o  a combined 

loading c o n s i s t i n g  of an  a x i a l  f o r c e  P, a l a t e r a l  f o r c e  H, 

and a bending moment M. General s t r e s s  a n a l y s i s  formulas 

w i l l  be developed f o r  t h f s  loading which. w i l l  be used t o  

,analyze t h e  s p e c i a l  symmetrical case of the spr ing  subjected 

t o  a l a t e r a l  d e f l e c t i o n  w i t h  the  sp r ing  ends remaining 

p a r a l l e l  t o  t he  o r i g i n a l  c o i l  a x i s .  

Figure 3 ( a )  shows a h e l i c a l  compression spr ing ,  

represented  by i t s  axis l i n e  OA coinc ident  w i t h  the Z-axis 

before d i s t o r t i o n .  The combined loading i s  shown but is not 

assumed t o  be a c t i n g  i n  Figure 3 ( a ) .  When the loading i s  

appl ied ,  t h e  spr ing  w i l l  undergo d i s t o r t i o n  c o n s i s t i n g  o f  an  

a x i a l  d e f l e c t i o n  6, a l a t e r a l  d e f l e c t l o n  A, and curva ture .  

The d i s t o r t i o n s  and sp r ing  wire s t r e s s e s  w i l l  be func t ions  

of  any known system of loading,  

Figure 3 (b )  shows t h e  s p e c i a l  symmetrical caae.  A 

l a t e r a l  d e f l e c t i o n  curve w i l l  be determined a s  func t ions  of 

A ,  L, and P with a conf igura t ion  such t h a t  t h e  sp r ing  erg3 

faces  remain perpendicular  t o  the  Z-axis. With these  

r e s t r i c t i o n s ,  the! sp r ing  wire s t r e s s e s  and a x i a l  d e f l e c t i o n  

8 w i l l  become funa t ions  of' only the  a x i a l  load P, tb 

l a t e r a l  d e f l e c t i o n  11, and the b a s i c  geometric p r o p e r t f e s  

of the spr ing .  
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The spr ing d i s t o r t i o n  and the combined loading 

ac t ing  upon the cross  sec t ion  of any d l f f e r e n t i a l  length da 

of' the  spr ing wire is shown in Figure 4. 
d i s t o r t i o n  irs represented by the length y and the axfa3 

d i a t o r t i o n  i s  included i n  the length z ,  The curved l i ne  

The l a t e r a l  

m30, lying on the X t - Y t  plane, represents  a projected arc+ 

of the spr ing h e l i x  of' radius  R and center  O f .  The 

center  of the wire cross sec t ion  E coincides w i t h  the  

in te rseo t lon  of the r a d i a l  axis R, lying on the Xt-Y' plane, 

and a r c  ??Et?. The tangent ia l  a x i s  T,  lying on the X'-Y' 

plans,  is  tangent to the  arc  FBG a t  point &, Axes m-m 

and R are  perpendicular t o  each other ,  i n t e r sec t  a t  

point €3, and l i e  on the face ABCD of the wire cross  

sec t ion ,  Axis n is perpendicular t o  axes R and m-m 

and i n t e r s e c b f a c e  ABCD a t  point  E. Axes n and m-m 

deviate  from axes T and Zt f ,  respect ively,  by the p i t ch  

angle a. 

Pfgure 4 ( b )  shows the moments and forces  ac t ing  upon 

the cross  sec t ion  of t h e  spr ing wire, The sign convention 

will be chosen such tha t  the moments and forcsa shown are 

pos i t ive ,  The e f fec t  upon the  cross  sec t ion  of each 

component of the combined loading, P, H, and M, will 

be determined separa te ly  and then  combined for the  t o t e l  

o r  general  loading condi t ion,  
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3 .  AXIAL LOADING 

The e f fec t  of the axial force alone upon the 

d i s t o r t e d  spring is shown i n  Figures 5, 6, '7, and 8, The 

applied a x i a l  foroe P, aot ing a t  point  0, co€ncident w i t h  

the Z-exc i s ,  produues a moment; an3 a force a t  point 0' a8 

shown i n  Figure 5. The force $8 coincident with the Zr-axis  

and the moment, indicated by the double arrowhead vector ,  

a c t s  about the  Xt-axis, The double arrowhead vector follows 

the right-hand screw convention, 

The e f f e c t  at point E due t o  the force P ac t ing  

a t  point  0' is a force p a r a l l e l  t o  the Z ' l - a x i s  and a 

moment about the  tangent ia l  axis T. HoweQer, the force P 

a t  point  0' can be resolved i n t o  components, 8s shown i n  

F i v e  6 ( a ) ,  p a r a l l e l  t o  the m-m and n a x e ~ ,  These 

components produce a t  point E a shearing force p a r a l l e l  t o  

the m-m axis, B oompressive force parahle l  t o  the n-axia, 

a torque about the n-axis, and a moment about the m-m axis. 

The d i r e c t i o n  of these force8 and moments acting upon the 

wire cross seot ion A3CD i a  shown i n  F i g w e  6(b), With the 

ai& of Figure 6 ,  the following expresslone are obtained, 

C = P a i n  a 

= PR s i n  a 

T = PR cos a 

vm = P cos a dv 
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The moment P.7, aoting about the X t - a x i s ,  ean be 

resolved into components about the R and T axe8 a8 ahown 

i n  Figure 7, !Phe e f fec t  a t  point due t o  the moment 

By (30s r e s u l t s  i n  the expmssfon 

The moment Py s h  .QB acting about ths T-axis can be 

resolved into components about the, m-m and n 832813 as 

shown in Figure 8, The ef fec t  a t  point E, due t o  these 

components, r e s u l t s  i n  the following expressions , 

( f )  = Py s i n  (J, sin a 

The t o t a l  a f f ec t  of the ax ia l  force alone upon the 

d is tor ted  spring Qan be obtained by oombining, i n  the proper 

manner, the above equations ( a )  through (g ) .  Using the 

subscript A t o  designate forces and moments acting upon 

the wire cross section due t o  the ax ia l  force B, we 

obtain 



CA = P s i n  u 

BAd = PR s i n  u 4 Py s i n  a s i n  cp 

&IRA = Pg COS u 

TA = PR COS u + Pg cos a s i n  

vmA = P cos u 

VRA = 0 
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4. LATERAL LOADING 

The e f f e c t  of the l a t e r a l  force alone upon the 

d i s to r t ed  spr ing 1s shown in Figures 9 ,  10, 11, 12, and 13.  

The applied l a t e r a l  force €I, act ing a t  point 0, coincident 

with the Y-axis, produces a moment and a force a t  point 0' 

as shown i n  Figure 9.  The force  is coincident w i t h  the  

Y f - a x i s  ,and the  moment, indicated by the double arrowhead 

vector ,  ac t s  about the X ? - a x i a .  

The force H,  aot ing a t  point  O?, can be resolved ~ 

i n to  components p a r a l l e l  t o  the R and T axe8 as  shown in 

Figure 10. The e f f e c t  a t  point E due t o  the force H s i n  

r e s u l t s  i n  the expression 

The force H cos 9 ,  p a r a l l e l  t o  the T-axis, can be 

reaolvsd i n t o  components p a r a l l e l  t o  the m-m and n axes 

as  shown in Figure 11. The ef fao t  a t  point  E of' these 

component8 fs a shearing f o r o 8  p a r a l l e l  t o  the m-m axis, 

a compressive force p a r a l l e l  t o  the n-axis, a torque about 

the n-axis, and a moment about the m-m axis ,  The direct iol l  

of these forces  and moments ac t ing  upon the wire cro88 

aeotion ABCD is  shown i n  Figure l l ( b ) .  With the aid of' 

Figure 11, the  followin expression8 $re obtained. 
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= HR cos ip cos a 

T = -HR COS 

Vm = -E cos $? s i n  a 

The moment Hz, ac t ing  about the Xf-axis,  can be 

resolved i n t o  components about the R and T axes as shown 

In Figure 12. The e f f e c t  a t  point E due t o  the moment 

Hz cos (8 r e s u l t s  in the expression 

The moment Hz $ i n  cp acting; about the T-axis can be 

resolved in to  components about the BI-m and n axes as 

shown i n  Figure 13.  The e f f e c t  a t  point  E, due t o  t h e m  

components, r e s u l t  a in the following expressions 

B&m = Hz s i n  Q, s i n  a 

T = Ha s i n  ip cos a 

The t o t a l  e f f e c t  of the l a t e r a l  foroe alone upon the 

d i s t o r t e d  spr ing can be obtained by combining, i n  the proper 

manner, the above equations ( a )  through (h) . Using the 

subsoript  L t o  designate forces  and moments ac t ing  upon 

the  wire cross  sec t ion  due t o  the l a t e r a l  force 11, we 

obtain 

P 



'1 
\ . ..i 1 CL = H COS u C O S  0 

= Hz s i n  a s i n  ~1 + XR cos a cos Q, 

IRL = HZ COS (8 

TL = Hz co8 a s i n  q - HR a in  a cos 9, 

VmL = -H cos (B s i n  a 

VRL = H s i n  Q 

> (4-1) 

s 



5.  BENDING MOMENT 

The e f f e c t  of' the bending moment alone upon the 

d i s t o r t e d  spr ing is shown i n  Figures 14, 15, and 16. The 

applied bending moment M y  act ing a t  point 0 about the 

X-axis, produces a moment about the XI-axis as indicated 

i n  Figure 4 by the double arrowhead vector .  

The moment M, ac t ing  about t he  Xt-axfs, can be 

resolved i n t o  components about the R and T axes as 

shown i n  Figure 15, The e f f ec t  a t  point  E due t o  the 

moment M cos cp r e s u l t s  i n  the expression 

The moment M s i n  Q, ac t ing  about the T-axis can be 

resolved into components about the m-m and n axes as 

shown i n  Figure 16, The e f f e c t  a t  point E y  due t o  these 

components, results i n  the following expressions , 

Using the  +subscript Bd t o  designate Popces an8 

momenta ac t ing  upon the wire oro8s section due t o  the 

bending moment M y  obtain 
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The foraee. and moments ac t ing  upon the cross  sec t ion  

of the apring wire dm t o  the  combined loading system ahom 

i n  Figure 4 w i l l  be obtained by superposing the forcers and 

moments on the cross  sec t ion  due t o  each of the loading 

components ( P ,  H, and M) separately. Considering the three  

s e t s  of equations (3-1), (h-l), and {?-l), by superposl t ion 

the following re la t ionships  are obtafnedz 

C = P s i n  a + H COB u 00s (8 

Wr, = PR Sin a -I- (HZ + Py .. ) s i n  u s ing ,  + 
HR cos a cos rg 

T = PR COS u + (Ez + Py - )cos a s i n 9  - 
HR Bin u cos 4p 

Vm = P cos u - H s i n  a 00s (9 

Equations (6-1) give expressions for the forces  and 

moments ac t ing  upon any cross  sec t ion  of t he  spr ing wire due 

t o  the coznbined loading shown i n  Figure 4. 
f o r  force, o r  moment may bs consfdered t o  be equivalent to 

Each expression 

that force or moment due t o  the  a x i a l  force 

when mult ipl ied by a dhens€onleBs m p l i f i c a t i o n  Emtor ,  OP 

P ac t ing  alone 



where 

- H cos rp 
F l - l + F G i E - Z  

B C O B  gt 
s in '  + P t a n  a F2 = 1 f (g + 8 

1 

= 1 - - H t a n  a C O B  0 
"5 P 

J 

I 



The loading (P, H, and MI, shown i n  Figure 4, e i t h e r  

combined o r  aot ing separately,  produoes foroes  and moments 

which ac t  upon and deform the spr ing i r e  cross  mot ion .  

The deformations of t h e  oross sec t ion  r e s u l t  i n  a x i a l  and 

l a t e r a l  movement of the  spr ing ends and d i s t o r t i o n  of' the  

c o i l  ax i s .  

The method of determining the dsflect ions and 

distortion of the h e l i c a l  spr ing for the  s ~ ~ t r f c a l  loading 

case of an a x i a l  f a r c e  an8 a l a t e r a l  de f l ec t ion  with the 

spr ing ends remaining p a r a l l e l  t o  the  o r ig ina l  c o i l  ax is  

w i l l  be analogous t o  the so lu t ion  f o r  a s t r u o t u r a l  member 

with a so l ld  c i r c u l a r  cross  rsection. The main difference i n  

concept i n  the so lu t ion  f o r  the h e l i c a l  spr ing from that far 

a s o l i d  s t r u c t u r a l  member is  t h a t  shear ing d i s t o r t i o n  of the 

sprang is apprecfable and must be, included while I t  18 

general ly  neglected f o r  the case-of  the s o l i d  s t r u c t u r a l  

member 

The use of the analogy between the h e l i c a l  spr ing and 

a s o l i d  s t r u c t u r a l  member is convenient but  not ncscerssary, 

Suff ic ient  data  have been developed i n  the preceding 

sectfons s o  t h a t  a sgeclf'ic expression or a more accurate 

trigonometrio ser iw coula be assumes for the aef lectfon 

shape and the so lu t ion  obtained by energy methods. However, 
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t h i s  would provide no more accuracy and would be much more 

cumbersome e 

Before considering the  d i s t o r t i o n  of the spr ing under 

the ac t ion  of the  combined loading shown i n  Figure 3 ( b ) ,  the 

d i s to r t ions  produced by each of the combined loads P, H, 

and M ac t ing  separately w i l l  be determined by energy 

methods. I n  using energy methoda, a l l  deformations are 

assumed t o  be e l a s t i c  and wire curvature effects are  neg- 

lec ted ,  When the  loading a c t s  separately,  the pr inc ip le  

of superposi t ion i s  val id  and expressions equating t h e  t o t a l  

work done t o  t he  t o t a l  energy s tored can be e a s i l y  m i t t e n .  

For the  condi t ion of e i t b r  P, H,  o r  M act ing alone, 

equations (6-1) may be used i n  der iving the s t r a i n  energy 

expressions i f  only those terms involving the pa r t i cu la r  

load under considerat ion a re  used, 

The d i f f e r e n t i a l  s t r a i n  energy i n  any element, d89 

of t h e  wire c r o ~ s  sec t ion  w i l l  consis t  of the following 

components: 



, . -., 
i' 

. .. ... 

2 Mm dS - bending in plane, of curvature  dU2 - ---zE- 

bending out of plane of curvature 
- MR2dS 

dU3 - -2ET- 

t o r s i o n  - T2ds 
du4 - 2 . q  

2 Vm ds 
shear  out of plane of curvature  - 

dw5 - II --zx-- 
2 VR de 

2 G A  shear i n  plane of c w v a t u r e  dU6 = I\T 

where, from reference  2 ,  N 19 a f a c t o r  dependent upon the 

form of the c r o s s  s e c t i o n ,  which f o r  c i r c u l a r  s o l i d  

10 " = y  

The t o t a l  d i f f e r e n t i a l  energy l a  equal t o  the sum of 

the component d i f f e r e n t i a l  energies  or 

and the t o t a l  enesgy s t o r e d  i n  the spring i s  equal  t o  the 

energy s t o r e d  i n  a l l  of the d i f f e r e n t i a l  lengths o r  
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2nn 

and, u8ing equations ( a )  

2 H 2  M 2  R (lc2 %n2 vR2 
SA E1 E1 OIp CfA aa 
C m - +- +-+- + B- + FJ- 

From equatfon (1-2) 

R d  
cos a ds = 

then 

1 Fi = modulus of e l a s t i c i t y  i n  tension and oompression 

G = modulus of e l a s t i c i t y  i n  shear 

A = T  vd2 cross-sectional area of wire 

vca 4 
I = diameter moment of i n e r t i a  of wire 

polar  moment of i n e r t i a  o f  wipe 

For the oondition of P ac t ing  alone, equa%ions (6-1) 

wlll be va l id  if E ,  Id, and y are put equal t o  zero. 

Then 



C = P s i n  a 

% = PR s i n  a 

E1IR = 0 
T = PR cos a 

I Vm = P cos a 

VR = 0 
J 

and equation (b) will become 

ffA 

2nn 2 2  2 2 2  P*sin2a + P R s i n  a 
+ P R cos'a + a 

EA BI *P 
L 

or 

L 

From equations ( e )  

and subs, 

e 

tuwAng i n  equation ( e )  

J 



w i l l  not be less a Since, f o r  p r a e t i c a l  reasons,  the r a t i o  

than 4, there  w i l l  be l i t t l e  appreciable e r r o r  i f  

equation Cg) i s  wr i t ten  

1 20. s i n  u t a n  u UT = kgqg)'(coi3 a + T 

The t o t a l  work done by the ex terna l  force -P will equal the 

t o t a l  stored energy of  s t r a i n  or  

and 

where 

( 7-2 ) 2G Fp = cos a + - s i n  a t a n  a E 

Equations (7-1) and (7-2) are  ve r i f i ed  by reference, 1 w i t h  

the  exception t h a t  equation ( 7 - 2 )  is  wri t ten 

- cos a 2G FP - p f s i n  a t a n  a 



whiah is def ined as a curvature  c o r r e c t i o n  f a c t o r .  Figure l 7  
containa a p l o t  of' p agains t  !? and ind ica t e s  t h a t  t he  

c w v a t u r e  correcztion hae very l i t t l e  s ign i f i cance  if 2 i s  

g r e a t e r  than  4. 

d 

d 

For t h e  condi t ion  of If a c t i n g  alone, equations (6-1)  

w i l l  be v a l i d  if 

P = O  

= E L  

then 

C = H cos a cos 

= B II;(L - z)ain a s i n  tp + R cos a oos 4 

T = - H ~ L  - z ) o o s  a s i n  (8 + R s i n  a cos 

Vm = -H s i n  a C O B  9 

J VR = R s i n g  

Using equat ion (1-4) 

z = Rq t a n  a 

and equat ion (b), after i n t e g r a t i n g  and simplifying the re  

r e s u l t s  
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The t o t a l  qork done by the e x t e r n a l  force H w i l l  equa l  the 

t o t a l  s t o r e d  energy of s t r a i n  or 

I -  - 'T 'H 
2 

and 

where 

* 

( 7-4 1 ct cos a 
2G )' E FR = T(5 )  (cos a +T s i n  a t a n  a + E  cos a 

2 L 2  2G 

Equations (7-3) and (7-4) are  ve r i f i ed  by reference 1 f o r  

t h e  condf t ion  of a being very small .  

For the condi t fon  of Id a c t i n g  alom,  equat ions  (6-1) 

sill be v a l i d  if  P and H are put equal  t o  z e r o ,  Then 

VR = 0 

and equat ion  (b) w i l l  become 

J 



194 

and, a f t e r  integpat ing and co l l ec t ing  terms, 

2G 
20 $)(cos a + - E s i n  u t a n  a + E cos a 

The t o t a l  work done by the  ex terna l  moment w i l l  equal 

the t o t a l  s tored energy of' s t r a i n ,  or 

where equals the angle of ro t a t ion  of the appl ied 

moment and then 

where 

2G 2G 
COS u + - E 3 in  a t a n  u + E co8 FI 

Equation ( Z )  is ver i f i ed  by reference 1. 

Now t h a t  the a x i a l  d e f h c t i o n ,  l a t e r a l  def lect ion,  

and r o t a t i o n  have been determined f o r  the oondition o f  an 

a x i a l  force, a l a t e r a l  force,  and a bending moment each 

aatineg separa te ly  upon the spring,  it w i l l  bet convenient t o  

detvslop equivalent r i g i d i t y  f a c t o r s  * The tern, equivalent 

r i g i d i t y  f a c t o r ,  is  used r a the r  looscsly but ,  f o r  the purpose 

of' t h i s  paper, sha l l  apply t o  h e l i c a l  compression spr ings 
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and s h a l l  c o r r  spond t o  the r i g i d i t y  f a c t o r s  f o r  a s t r u c t u r a l  

member of' solid c i r c u l a r  c ros s  sect ion.  For instance,  

Figure 18( a )  represents  a s t r u c t u r a l  member p ig id ly  f ixe4  a t  

one end, The cross sec t ion  is assumed s o l i d  and c i r c u l a r  

w i t h  a radius  equal t o  R. The loading P ,  E,  and 

each act ing alone upon the member, produces d i s to r t ions  

measured by 6p, A H ,  and yx, respect ively.  Let E 

and 0 represent  the moduli of e l a s t i c i t y  and r i g i d i t y  88 

defined previously and l e t  A and 1 represent the cross- 

sec t iona l  area and moment of i n e r t i a  of the cross sec t ion  

about the ax is  of bending. From basic  mschanios of mater ia ls  

theory,  the following re la t ionships  f o r  the s t r u c t u r a l  

member shown i n  Figure 18 can be ver i f ied .  The deflcsotfon 

under a x i a l  load P ,  Figure l8(b), w i l l  equal 

PL 6 p  = - BA 

and the oompressive r i g i d i t y  w i l l  equal 

- PL - 5  
The r o t a t i o n  of one end with respect t o  the other end under 

pure bending , ~ ~ p r e  18(0) f i  will equal 



P 

L t 



, 
where p equals the radius of curvature of the elatitio 

mi8 Furthermore , 
-. E1 P - x  

so t h a t  

and then the f lexura l  r i g i d i t y  w i l l  equal 

IL (EI) = - 
YM 

The maximum l a t e r a l  deflection, AH, due t o  the 

application of l a t e r a l  forces H, Figure 19(a), r e s u l t s  from 

both shearing and bending deformations of the cross section. 

For most s t ruc tu ra l  members, the shearing deformations are 

amall compared t o  the bending deformations and usually are 

neglected. However, sinoe t h i s  example is being developed 

as an analogy f o r  helieax springer, the shearing d i s to r t ion  

w i l l  be Inoluded. Fiwre l 9 ( a )  represents the d is tor ted  

Sh.lctUral me11PberD r i g i d l y  fixed a t  one end, and Subjected 

t o  l a t e r a l  forces H and 8 bending moment 

Figure l 9 ( b )  represents any d i f f e r e n t i a l  element, ds ,  of the 

member cetrsttsr l ine  subjectxd t o  the l a t e r a l  faroe H whiczh 

can b8 r 0 ~ 0 l v 0 d  into components p a r a l l e l  and perpendicular 
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t o  the center  line. The angle of curvature 8 

assumed s m a l l  s o  t h a t  

N 

H s i n  8 = 0 

and 

The shear ing force on any cross sec t ion  w i l l  be 

V = H  

which w i l l  produce d i s t o r t i o n  r eau l t ing  i n  a def lected shape 

having a constant slope equal t o  

The curvature of the deflected shape due t o  shearing 

d i s to r t ions  w i l l  then equal 

%E(&) = * 
The broken l ine  i n  Figure l 9 ( a )  represents  the constant 

slope d i s t o r t i o n  of the e l a s t i c  axis due t o  ahtsaring 

deformations of the cross  sect ions.  The so l id  l i ne  

represent& the t o t a l  d i s t o r t i o n  of the e l a s t i c  axis due t o  

the sum OF the  s-aring and bending deformations of' the 

cross  sec t ions .  From basic  mechanics of materials, the 

curvature of the e l a s t i c  axis can be expressed 
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BA - HZ - HL Hz 
$=T- "ET 

ich is  due t o  bending only, since from equation (p), the 

shearing curvature equals zero Integrating equation (q) 

where C1 and C2 are constants of integration whish must 

be adjusted t o  s a t i s f y  the boundary oonditions. 

Figure l 9 ( a )  represents the fixed end of thrs member 

under the acltion of shearing deformation alons. The broken 

line represents the d is tor ted  e l a s t i c  axis and has a 

constant slope given by equation ( o ) ,  Sinoe the end is 

fixed or clamped, the end moss  sect ion will remain 

perpendiculaP t o  the Z - a ~ i ~ r ,  Figure l 9 ( d )  regmsents the 

fixed end of the member under the action of both shearing 

and bending deformations. The s o l i d  l i ne  represents the 

d is tor ted  e l a s t i c  axis. It i8 seen, therefore, that  a t  the 

fixed end, 1P Sh9wir3g defamations d i B t or  tea  

elastic axis w i l l  coincide with and be p a r a l l e l  to the 

dis tor ted  axis oaused by shearing deformations alom a& 

w i l l  not be parallel t o  the or ig ina l  or Z-axis e 
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A t  the o r i g i n  of the  coordinate axis, ths boundary 

conditions require  tha t  the def lec t ion  and slope of the 

d i s t o r t e a  e l a s t i c  axis, represented by  equations fr) , must 
coincide w i t h  the def lec t lon  and slope of the e l a s t i c  curve 

caused by shearing deformations , o r  

from which 

c2 = 0 

r e su l t i ng  i n  

Using the expression f o r  the d i s to r t ed  e l a s t i c  axis, 

equation (s), and the l imi t ing  condi t ion 

(Y)z=L = AR 

the l a t e r a l  def lec t ion  under l a t e r a l  loading w i l l  equal 

i 
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and the shearfng r i g i d i t y  w i l l  equa l  

Equations (m), ( n ) ,  a ( t )  are9 the  r i g i d i t y  f a o t o r s  

cosreaponding t o  oompreasion, flexure, and &mar, 

r e s p e c t i v e l y , ,  f o r  a s t r u c t u r a l  member with a s o l i d  c i r c u l a r  

or088 section. Using equat ions (7-1) and ( m ) ,  the equivalent  

connnpsessive r i g i d i t y  %or a h e l € c a l  spring w i l l  equal  

(EA), = 

Using equations (7-5) and (n), the equivalent  f lexural  

r i g i d i t y  f o r  a helical sp r ing  w i l l  equal 

(7-7) 



Equivalent r i g i d i t y  f a c t o r 8  a re  discusstsd an3 der ived 

i n  re ferences  1 and 3 f o r  closs coiled springs a d  

equationa ( 7 - 7 ) 9  (7-8), and (7-9)  are v e r i f f e d  f o r  the 

condi t ion  o f  the c o i l  p i t c h  angle a, befng very a m a l l .  

Let Figure 2 0 ( a )  represent  a s t r u c t u p a l  member 

ti so l id  c i r c u l a r  c ros s  s e c t i o n  subjected t o  an axial f o r c e  

an8 a l a t e r a l  d e f l e c t i o n  arrrith the  ends remaining nominally 

p a r a l l e l  t o  t h e  o r l g f n a l  a x i s .  

is  used s ince  I t  was determined previously t h a t ,  on ly  f o r  

t he  condi t ion  of' shear ing deformations being negl ig ib le  

The term "nominally p a r a l l e l "  

is 

it  reasonable t o  assurns the ends o f  the  d i s t o r t e d  e l a s t i c  

a x i s  p a r a l l e l  t o  the o r i g i n a l  arris. Figure 20(b)  represents  

any d i f f e r e n t i a l  element, ds, of the d i s t o r t e d  e l a s t i c  a x i a  

subjec ted  t o  the  l a t e r a l  fo rce  H which uan be resolved 

i n t o  components pa ra l l e  1 and perpendicular t o  the axia The 

angle of curvature  8 w i l l  be assumed small so t h a t  

R s i n  Q o 
and 

The, shear ing  f o r m  on m y  c ross  s e c t i o n  due t o  the l a t e r a l  

fo rces  H 
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whiah w i l l  produoe d i s to r t ion  reeul t ing i n  a deflected shape 

having 8 constant slope equal t o  

The curvature of' the deflected shape due t o  shearing 

deformation produced by the l a t e r a l  forces H w i l l  thsn 

equal 

Figure 2 0 ( c )  represents any d l f fepent ia l  element, d s ,  of 

the distorted e l a s t i c  axis subjected t o  the axial f o r o s  P 

which can be resolved into component8 p a r a l l e l  ar i l  

perpendicular t o  the axis. The angle of curvature @I w i l l  

be assumed amall so t ha t  

and 

The shearing foroe on any or088 secrtion due t o  the ax ia l  

forces P w i l l  be 

which w i l l  produae distortion resu l t ing  i n  a deflected shape 

having a slope equal t o  
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The curvature  of t he  deflected shape duet t o  shearing 

deformation produced by the a x i a l  foroets P w i l l  then equal  

Equation ( v )  is v e r i f i e d  by reference 4. 
The broken l i n e  i n  Figure 20(a )  represents  t he  

d i s t o r t i o n  of the e l a s t i c  axis due t o  the shearing 

deformations of the  c ros s  erections caused by the  l a t e r a l  

fo rces  H and having the constant  Slop8 expressed by 

equat ion ( u ) .  The solid l i n e  repreeents  the  t o t a l  d i s t o r t i o n  

of the e l a s t i c  axis due t o  the sum of the shear ing and 

bending deformations of the CPOSS sec t ions .  

The curvature  of the d i s t o r t e d  e l a s t i c  axis w i l l  equal 

the sum of the bending and shear ing  curvatures  and w i l l  equa l  

1ntegrat . ing equat ion ( W) 

’I? “ 1  9 = -aC1 @in az + a ~ 2  coa az d2 



ere 

and C 1  and C2 are constants of integration which must be 

adjusted t o  s a t i s f y  the boundary conditions. Using the same 

reasoning that led to the derivation of equation ( a ) ,  a t  the 

origin of the coordinate a x i a ,  the boundary conditions w i l l  

be 

W Z E Q  = o  

from which 

and then equations (x )  beoaglg 
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PA 
z T 2  

- .  
1 

. i ... 

(1 + J) 
2 s i n  aL  

aL 
aL (1 + J )  - (1 + COS &&) 

a 

Using the limiting oondition 

(Y)z=L = A  

and equation (T-ll), the lateral deflection w i l l  equal 

(1 - cos aL) + ELkii ~7 aL( 1 + 8) - 11 (7-12) 

From s t a t i c s  and symmetry 

then 

(1 + J) - (1 f cos aL) 
( 7-14 1 

(1 4- J) 1 2 sin aL 
aL 

(7-15 1 1 f cos aL 
(1 + J) - (1 + cos aL) 

L 

a L  = 

( 7-16 
I 



The t o t a l  a x i a l  d s f l e e t f o n  of the member subjec ted  to 

the combined loading shown i n  Ffgure 20 w i l l  c o n s i s t  of com- 

press ive  and curva ture  defor rna t~ons ,  Prom baaic meohanfcs 

of ma te r i a l s ,  the compressive d e f l e c t i o n  w i l l  equal  

- PL 
EA s p  - - c 7-20 1 

The curvature  deflectfon is equal t o  approximately the 

difference between the  length  of the deformed elastic axis 

and t h e  length  of the  chord L, which from reference 5, 
equals  

The total a x i a l  def lec t fon  will equal  the sum of the 

compressfvs and curva ture  d e f l e c t i o n s  o r  

6 = 6p 4- e5c (7-22 1 
where 6p and a r e  expressed by equat ions  ( 7 - 2 0 )  

and (7-21) , r e spec t ive ly .  
d 
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Equations (1-15) through 17-22} determine the l a t e r a l  

force and a x i a l  def lec t ion  f o r  a s t r u c t u r a l  member, with 

aol fd  c i r c u l a r  crabs section, eubjectted t o  an a x i a l  

compressive force and a l a t e r a l  def lec t ion  w i t h  the end 

cross sect ions remaining perpendicular t o  the o r i g i n a l  

e l a s t i c  axis .  I n  order f o r  these equations t o  be appl icable  

t o  a h e l i c a l  uompresslon spr ing,  the  r i g i d i t y  f ac to r s  (EA), 

(BI), and ( G A )  for the s o l i d  c i r c u l a r  member need only be 

replaced by the  corresponding r i g i d i t y  facltors (EA)# , (BI)a, 
and (CIA), for 8 helical spring, expressed by equations (7-7) J 

(7-8), and ( 7 - 9 ) ,  respect ively.  

The member of Figure 20 (a ) ,  subjected t o  an a x i a l  

force alone, w i l l  nor be invest igated f o r  s t a b i l i t y .  Let 

Figure 2 1  represent  a s t r u c t u r a l  member with a s o l i d  

c i r c u l a r  c ross  sect ion subjected t o  axial forces P, a 

bending moment B&, and a l a t e r a l  def lec t ion  A. This 

condi t lon is dlscussed i n  reference 4 but w i l l  be clarried 

out i n  some d e t a i l  here a8 an aid i n  c l a r i f y i n g  the analogy 

@en the s o l i d  s t r u c t u r a l  member and the h e l i c a l  spring. 

The curvature of t he  d i s to r t ed  elafstic axis w i l l  equal t he  

sum of the bending an8 sheraring curvatures ,  and w i l l  equal 



2 11 

P 



In tegra t ing  equation ( y) 

( 2 )  1 = -aC1 s i n  az + a ~ 2  cos a2 

P y = C 1  cos  az f C2 s i n  az f 7 

where a is  defined by equatfon (?-lo), and C1 and C2 

ape constants  of integrat ion which must be adjusted t o  

s a t i s f y  the  boundary condi t ions.  At the or ig in  of t h e  

coordinate axis 

from which 

and then equations ( 2 )  become 

+ . J  y = -; cos a2 + 

Using the l imitfng condition 

and equatiorrs (7-23), the l a t e r a l  def lec t ion  w i l l  equal 



,pJI A - H (1 .. COB aL) 

Prom s t a t i c s  

then 

and 

cob a L  = 0 

The c r i t i c a l  load i s  obtained by using the smallest  

value of aL; t he re fo re ,  using and equation (7-10) 
C 

I 7-26) 

where PE i s  expressed by equation (7-19). 

For the case of a s t r u c t u r a l  member wlth hinged ends, 

it i s  evident  from symmetry that each half of the bar  is In 

the same conditfon as  the e n t i r e  bar of Figure 21 and f o r  

the oaee of ffxed ends, each quar te r  of the bar may be 

represented by Figure 21. Hence f o r  hinged ends 

. 



'rl 

and f o r  f ixed ends 

2 4  

(7-27) 

Owing t o  the effeot  of shearing  force^^, the c r i t i c a l  

loads f o r  hinged and f ixed end bars  are diminished by the 

r a t i o s  

1 

and 

respectively.  Generally, for  the (3888 of sol id  bars ,  these 

r a t io8  differ very l i t t l e  Prom uni ty  so t h a t  the s b a r i n g  

e f f ec t  maybe neglected. However, for  tb case of h e l i a a l  

springs,  tha shearing e f fec t  should be considered and, i n  

order f o r  equations (7-27) and (7-28) t o  be applicable t o  

h e l i c a l  comprersrsion springrs, the r i g i d i t y  factors  EA, EX, 

a d  QA f o r  the solid e i r c u l a r  member need only be replaced 

by the corresponding r i g i d i t y  fac tore  (EA),, (EX)&, 

and (QA),  f o r  a h e l i c a l  spring expressed by equations (7-7), 

(7-8), and (7 -9 ) ,  rsspeotivelg.  
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The s t r u c t u r a l  member, represented by Figure 20( a )  

subjeoted t o  a x i a l  fo roes  P and a l a t e r a l  def lec t ion  A 

with  the ends remaining nominally p a r a l l e l  t o  the o r i g i n a l  

e l a s t i c  axis Z i s  faoed with the 8me i n s t a b i l i t y  problem 

as if only the a x i a l  forces  were act ing.  For the s t r a igh t  

bar subgectad t o  a x i a l  forces ,  the c r i t i c a l  load, expresse6 

by equation (7-27) o r  ( 7 - 2 8 ) , m a ~  be defined 138 the axial 

load whioh i a  s u f f i c i e n t  t o  keep the  bar  i n  a s l i g h t l y  bent 

form. In other  words, the c r i t i o a l  load w i l l  hold the bar 

i n  a s l i g h t l y  d i f fe ren t  configurat ion from the o r i g i n a l ,  

For the i n i t i a l l y  d i s to r t ed  bar  of Figure 20(a), the 

c r i t i u e l  load may also be defined as t h a t  ax i a l  load which 

will hold the bar  i n  a s l i g h t l y  d i f fe ren t  configuration. 

Assume, before a x i a l  forces  a r e  appl ied,  the bar  

represented by Figure 20 is subjected t o  a l a t e r a l  

def leot ion A w i t h  the  b a r  ends remaining nominally 

p a r a l l e l  t o  i t s  original axis  2. A t  each end of t h e  bar, 

there  w i l l  be the react ions B and and thts d i s to r t ed  

e l a s t i c  ax i s  w i l l  appear a8 shown i n  Figure 22(a) .  Ths  

appl icat ion of the  a x i a l  foroerJ P decreases the reactionre 

H and M. As P imreades ,  H approaohes zero while H 

passes through zero becoming negative 88  indicated i n  

Figures 22(b) a d  22(c) ,  

maintain the same general  

zero, a t  which point ,  the Loading and shaps become unstable 
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, 

and e i the r  of the two forms shown €n F f g ~ r 8 S  22(d) and 2 2 ( 6 )  

may prevail, The critical axial load will then be t ha t  load 

f o r  which BII equals zero.  

where 

1 

e 
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By combinfng equat ions (7-29) and (7-3O), there r e su l t s  

As - increases,  the fo l lowing  conditions 
PE 

- -  - 0  
PE 

aL = 0 

aL = ?r 

2 = i(gj2 

are obtained8 

(7-34) 

J 



aL = 2n 

c 1 

z =  

It i s  seen t h a t  

apparent ly  t h e  same a s  

the third of equat ions  (7-35) i s  

equat ion  ( 7 - 2 7 )  and t h e  th i rd  of 

equat ions  ( 7 - 3 6 )  i s  apparent ly  the same a s  equat ion ( 7 - 2 8 ) ,  

However, t h e  equatlions are not t r u l y  equiva len t  f o r  the 

reason t h a t  the terms PE and GA a r e  func t lons  of' the 

length  L which i n  t u r n  i s  a f u n c t i o n  of  both the a x i a l  

f o r c e  P and l a t e r a l  d e f l e c t i o n  5 .  Therefore,  

equat ions  (7 -27 )  and ( 7 - 2 8 )  w i l l  be i d e n t i c a l  w i t h  

equa t ions  (7-34) and ( 7 - 3 6 ) ,  r e s p e c t i v e l y ,  only for t h e  

p a r t i o u l a r  case when A equals zero .  For the  cond i t ion  of 

a s o l i d  s t r u c t u r a l  member with c i r c u l a r  c ross  secLion com- 

posed of carbon or a l l o y  s t e e l ,  the d i f f e rence  between the 

fsee l ength  and the loaded length  w i l l  g ene ra l ly  be 80 

s l i g h t  t h a t  the use of the free o r  o r f g f n a l  length  fi;) 
a l l  values of L w i l l  s a c r i f t c s  very little 8ocuraCyJT. 

However, f o r  h e l i c a l  spr ings ,  the loaded l ength  must be 

taken i n t o  cons idera t ion  and w i l l  be done so i n  s ec t ion  9 ,  
Design. 

for 
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Equations (7-36) represent  t h e  unstable  or  c r i t i c a l  

cond i t ion  for which the d i s t o r t e d  e l a s t i c  axis may change 

%opn and may be def ined  as  the  l i m i t i n g  cond i t ion  of 

f n s t a b i l f t y .  F'fgure 23 I s  a graph of equat ion (7-29) which 

inc ludes  cond i t ions  (7-34) through (7-36) The broken l i n e  

r e p r e s e n t s  the l i m i t i n g  cond i t ion  of i n s t a b i l i t y  o r  change 

i n  oonf'igurat ion,  



+ I  

0 

- /  

- 2  

- 3  

- 4  
0 I 3 4 

221 

FlG. 23  



222 

8. U N I T  STRESSES 

The f o r c e s  and moments a c t i n g  upon the  wire c r o s s  

s e c t i o n  ABCD due t o  the  combined loading P, E ,  and 

shown i n  Figure 4 will produce shea r ing  and normal stresses 

on the f ace  of' the c ross  s e c t i o n .  With the  aid  o f  

equat ions ( G I ) ,  the stresses a t  the p o i n t s  A ,  B, C ,  

and D can be determined and combined i n t o  p r i n c i p a l  

stresses. 

The p r i n c i p a l  stresses on the c r o s s  sec t ion ,due  t o  

an axial  f o r c e  P only,  w i l l  be m a x i m u m  at point  B a8 

d iscussed  i n  re ference  6, Furthermore, t h e  h e l i c a l  

compression sp r ings  are designed p r imar i ly  t o  support  an 

a x i a l  fo rce  and whtle a d d i t i o n a l  loading such a8 R and M 

increase  the s t r e s s e s  t h e y  a re  g e n e r a l l y  not of primary 

importance. Therefore ,  the p r i n c i p a l  stresses will be 

determined f o r  point  B of t he  wire cross s e c t i o n  and used 

f o r  t h e  dssfgn of spr ings  aub j sc t sd  t o  an axial f o r c e  and a 

l a t e r a l  d e f l e c t  i o n  with the  sp r ing  ends remaining nominally 

p a r a l l e l  t o  t h e  o p i g f n a l  c o i l  axis, It is conceivable,  of 

c o u r s e ,  t h a t  a loading system oould be chosen so  t h a t  aome 

point o t h e r  than  poin t  B would have maximum p r i n c i p a l  

s t r e s s e s .  That s i t u a t i o n  w i l l  not be considerred here, 

however, as i t  w i l l  be shown l a t e r  t h a t  the maximum l a t e r a l  



d e f l e c t i o n  w i l l  be a func t ion  of the a x i a l  fo rce  P so 

t h a t  P w i l l  always remain the primary load. 

A t  po in t  By Figure 4, t h e r e  a r e  f o u r  f o r c e  and 

moment components ( C y  , T,  and Vm) t h a t  con t r ibu te  t o  

p r i n c i p a l  stresses.  The compression fo rce  C produces 

uniform normal stress over the c r o s s  s e c t i o n  which equals 

where 

vd2 A = c ross - sec t iona l  a rea  

Using equat ions (6-21, the uniform normal s t ress  becomes 

The bending moment produces maximum normal stress a t  

po in t  3 which equals  

where 

wd 4 
I = q- diameter moment of' i n e r t i a  

an8 KB is the curva ture  c o r r e c t i o n  fautor f o r  bending 

s t r e a s e s .  Using equat ions (6-2)  , t he  bending normal s t r e s s  

becomes 



The torque T produces shear ing  stresses which a re  normal 

t o  and maximum on the  perimeter of the c r o s ~  s e c t i o n  and 

which equal  

T d  
%T = 2 ICs 

where 
4 - -  nd p o l a r  moment of i n e r t i a  - 32 

and Ks i s  the curva ture  c o r r e c t i o n  f a c t o r  f o r  shear ing  

s t r e s s e s .  Using equat ions ( 6 - 2 ) ,  the torque shear ing  stress 

becomes 

The shear ing  fo rce  Vm produces shear ing  s t r e s s e s  which are 

maximum along the diameter BA. Assuming t h e  d i s t r i b u t i o n  

i s  uniform, the  s t r e s s  equals  

where 

c ros s - sec t iona l  a r ea  



and Ks is  the ourvature c o r r e c t i o n  f ac to r  f o r  shear ing  

s t r e s s e s .  Using equatiom (6-2), the shear ing  s t r e s s  

bscoma 

The t o t a l  normal s t r e e s  act ing a t  point B equals 

the sum of t h e  compressive and bending s t r e s ses .  

OF 

The t o t a l  shearing stress act ing a t  point B equals 

the sum of the torque and d i r ec t  shearing stresses. 

or 

g i t h  re ference  t o  equat ions ( 6 - 3 ) ,  it is apparent 

t h a t  

7 F2 = PI + F 

where 

F7 = (E f 
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KB = 1 + 0.4125 

Then equat ion  ( e )  may be m i t t e n  

1 
D 

+ -  1 

? 

or 

will be small compared t o  K~ ( for  p r a c t i c a l  
G - \  

The term 

reasons never g r e a t e r  t han  5). 
conserva t ive ,  w i t h  l i t t l e  appreciable  error ,  t o  mite 

equat ion  (h) 

Therefore,  it w i l l  be 

The, curva ture  c o r r e c t i o n  f a c t o r  f o r  bendlng, Kg, i s  given 

i n  r e fe rence  7 as 

(Rg +&) agatna t  -. D 
d 

Figure  17 conta ins  a p l o t  of' 

With re ference  t o  equat ions  (6-31, it is apparent 

t ha t  



Then equation (f) may be wri t ten 

“ i  

1 6 ~ ~  = -  
nd3 

o r  

Since the term 5 w i l l  be small compared t o  1 
2D - 

grea ter  than , it w i l l  be oonservative with l i t t l e  

appreciable e r r o r  t o  wr i te  equation (k) 

From reference 6 ,  it 

/ 

is seen t h a t  the  term 

Wahl f a c t  

where 

% =  + 0.615 
D 
d 
- 

P 

ah1 f a c t o r  is the  cor rec t ion  f a c t o r  f o r  curvature 

and f a t igue  developed by A ,  M, Vahl f o r  h e l i c a l  springs 

subgscted t o  an a x i a l  force.  FLgure 17 contains 8 p lo t  

of Kw agafnst  D z* 



A comparison of t he  two q u a n t i t i e s  (KB + 6) and 
shown i n  Figure 17 shows t h a t  it w i l l  be a safe asrswmption t o  

wr i t e  equat ion  ( i )  

32PR a = 31 KwF2 s i n  a 

Also, equat ion  ( 5 )  can be w r i t t e n  

7 = -  KRF4 cos a 
nd3 

(8-3)  

Equations (8-2) and ( 8 - 5 )  give t h e  r e s u l t a n t  normal 

and shear ing  s t r e s s e s ,  r e s p e c t i v e l y ,  a t  point  B of the 

wire c ros s  s e c t i o n .  Each equat ion f o r  r e s u l t a n t  stress 

con ta ins  the same c o r r e c t i o n  f a c t o r  f o r  curvature  and 

f a t i g u e  KW def ined  by equat ion (8.1.)~ 

The r e s u l t a n t  normal and shear ing  s t r e s s e s  are 

r e l a t e d  t o  p r i n c i p a l  ectressea by t he  fol lowing r e l a t i o n s h i p s ,  

and 

S u b s t i t u t i n g  equat ions (8-2) and (8-3) i n  equat ions (m) 

and (n) t h e r e  r e s u l t 8  
8. 



2 F2 sin a f a + F4 

2 2  1/2 * max = -  (Fe sin a + Fb2cos2a> 

i t h  the use of equat ions  (6 -3 ) ,  expanding and c o l l e c t i n g  

terms, equat ions  ( 0 )  and ( p )  become 

- p2 s i n  u + F 1 (8-4) 

where 

FOP t h e  syrnmetrfcal loading cond i t ion  expressed by 

equat ion  ( 7-13 ) where 

M = . q - + T  Pb HL 

equatlton ( 8 - 6 )  becomes 



An inspect ion of equation ( 9 )  shows t h a t  it is maximum when 

n ' ~ r =  z = 0 and c p =  -- 2 
o r  

y = A ,  z = L ,  and c P = -  Tr 

2 

and w i l l  equal 

B HL 
D PD 

F = l + - + -  

Also,  when F is m a x i m u m ,  F& is maximum and equals F. 

Therefore, equations (8-4) and (8-5) become 

which determine the pr inc ipa l  s t m s s e s  a t  point B of the 

spr ing wire crosa sect ion,  Figure 4. 
equations (8-8) and ( 8 - 9 )  are  equivalent t o  the pr inc ipa l  

It is  seen t h a t  

s t r e s s e s  a t  point B due t o  an a x i a l  force P,  aotina; alone, 

when mult ipl ied by an amplif icat ion f ao to r  F defined by 

equation (8-7). The subscr ipt  m a ,  aasociated w i t h  Q 

armd 7 ,  refer t o  the m a x h w  p r inc ipa l  s t r e s s e s  a t  point B 

near eaoh end of the  spring he l ix .  Henceforth, when stresses 

i n  the spring are considered, the maximum s t r e s s e s  defined 
h 

by&equations (8-8) and ( 8 - 9 )  shall govern., Therefore, 



the subscript m 8 x  mag be dropped and the stress equations 

mitt  can 

(1 + s in  a )F  

8PD = -  
nd3 

where F is defined by equation (8-7). 

(8-10) 

(8-11) 



9 .  DESIGN 

The previous sec t ions  have l ed  t o  t h e  development of 

d e f l e c t i o n  and stress equat ions f o r  h e l i c a l  sprfngs loaded 

i n  a s p e c i f i c  manner. The m a x i m u m  a t r e s s e s  r e s u l t  from the 

s t r e s s e s  due t o  a x i a l  loads combined w i t h  the stresses 

caused by l a t e r a l  d e f l e c t i o n  w i t h  t h e  sp r ing  ends remaining 

nominally p a r a l l e l  t o  the o r i g i n a l  c o i l  a x i s ,  Although t h i s  

is  a s p e c i a l  condi t ion ,  the d e f l e c t i o n  and stress equat ions,  

i n  t h e i r  present  form, a r e  t o o  genera l  f o r  convenient design 

usage, I n  order  t o  provide convenient design formulas and 

graphs, c e r t a i n  b a s i c  assumptions a re  necessary.  

The a x i a l  load w i l l  be assumed t o  be the most 

important component of  the combined loading so t h a t  t h e  

h e l i c a l  sp r ing  w i l l  be designed p r i m a r i l y  t o  support the 

a x i a l  loading. The t o t a l  stress, r e s u l t i n g  f r o m  the  

secondary stress,  due t o  the  l a t e r e l  d e f l e c t i o n ,  combined 

with the primary stress, must be less than  a predetermined 

allowable Furthermore, i n  order  t o  s a t i s f y  s t a b i l i t y  

cons ide ra t ions ,  the l a t e r a l  d e f l e c t i o n  w i l l  be governed by 

the  a x i a l  load. Before cons ider ing  the e f f e c t  of the 

secondary loading,  formulas and graph8 f o r  t h e  des ign  and 

a n a l y s i s  of t h e  primary loading w i l l  be developed. 

handbooks and t r a d e  pub l i ca t ions  give Formulas, t a b l e s ,  and 

graphs for t h e  a n a l y s i s  and design of h e l i c a l  sp r ings  

<%e 
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subjected to ax ia l  load. HOWBV~S, the7 are not aonveni@nLly 

arranged f o r  combining with the secondary loading consldersd 

i n  this paper, 

From equat ions  (7-7) and (7-20) 

o r  
L 

and from equations (8.7) and (8-ll)y for the condition of an 

a x i a l  force only,  

Combining equations (9-2) and (9 -3 )  

For the oondition of solid length 



234 

and Prom equation ( 7-2) 

2Q 
E Fps cos a, f - s i n  as t a n  us 

but s ince as i s  small, and from equation (1-12) 

Fp8 = 1 

Using equations ( a )  and ( c ) ,  equation ( 9 * 5 )  becomes 

which 3.8 p lo t ted  as  a nomograph f o r  Figure 24. 

The uscsfulnsss of a h e l i c a l  spr ing a8 an e l a s t i c  

medium depends upon i t s  a x i a l  def lec t ion  range whioh i s  

the difference between the free and s o l i d  lengths. 

Generally, t he  spr ing w i l l  be designed t o  support a loading 

sgetem with an a x i a l  def lec t ion  somewhat less than the  solid 

deflect ion,  for when the  spr ing i s  compressed so l id ,  i t s  

ulsefulness 8 8  an e l a s t i c  medium i s  ended. Howevw, it i s  

conservative,  and good design prac t ice ,  t o  dsaign the spr ing 

80 t h a t  t h e  maximum allowable stress o c c u ~ i  tat solid 

oomgression land not before. F igure  24. w i l l  enable the  

designer t o  determine r e a d i l y  the re la t ionship  between the 

and 71 f o r  a given wire mater ia l ,  represented r a t i o s  

by cf, and an allowable shearing atreas at  l i d  compreaeion, 

repraamted  by T ~ .  

B 
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It w i l l  be convenient a t  t h i s  po in t  t o  discluss bas i c  

p r o p e r t i e s  f o r  the more comon a p p l i c a t i o n s  of h e l i c a l  

sp r ings  used a s  e l a s t i c  s t r u o t u r a l  medium. The sp r ing  airs 

m a t e r i a l  w i l l  be assumed t o  be carbon or a l l o y  steel with 61 

Poisaon’s r a t i o  

From re fe rence  8 

v = 0.3 

and u s i n g  (d) 

9 = 0.385 E 

The des ign  stress w i l l ’ b e  assumed t o  be the shear ing 

p r i n c i p a l  stress s ince  the e l a s t i 0  l i m i t  i n  shear ,  for 

sp r ing  s t e e l ,  i s  lower than  t h a t  f o r  t e n s i o n  and compression. 

The m a x i m u m  allowable shear ing  unit stress w i l l  be assumed 

t o  occur when the sp r ing  is compressed s o l i d  under the 

a c t i o n  of an a x i a l  f o r c e  alone,  

Reference 9 t a b u l a t e s  the shear ing  modulus of 

e l a s t i c i t y  0 and the ahtsarkng e l a s t i c  l i m i t  w i t h  reaspect 

t o  var ious  s p r i n g  wire m a t e r i a l s ,  For carbon o r  alloy s tee l  

io,ooo,ooo p s i  L G L 11,500,000 p s i  (€5 )  

Furthermore, re fe rence  9 provides, g raphica l ly ,  values  f o r  

the m a x f m u m  al lowable sheraring atress a t  s o l i d  oompression 
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with respect  t o  epring wire mater ia l  and spring wire 

diameter, For carbon or  a l l o y  s t e e l s ,  h e l i c a l  spr ings w i t h  

wire diameters i n  excess of 0.5 inch are  general ly  hot-wound 

from hot-rol led bars .  The to r s iona l  e l a s t i c  l i m i t  f o r  hot- 

r o l l e d  ba r s  i s  less than tha t  f o r  cold-rolled wire of the 

same mater ia l  and may be within the r e l a t i v e l y  low range 

of 75,000 t o  110,000 ps i .  Consequently, the allowable 

shearing stress a t  sol id compression w i l l  be less f o r  hot- 

r o l l e d  bars than f o r  cold-rol led wire of the same mater ia l .  

Figure 25 gives the re la t ionship  between the allowable 

shearing s t r e s s  a t  aol id  compression and wire diameter f o r  

severa l  d i f f e r e n t  spr ing s t e e l s ,  A value of 

.f3 = 80,000 p s i  (h) 

f a  oonaervative for small w i r e  diameters but reasonable f o r  

large wire diameter8 , 

Figure 26 is  a p lo t  of equation (9-6) f o r  condi t ions 

( g )  and ( h )  and gives the  re la t ionship  between the ra t ios  D 

PF 
d 

and - whioh maintains a shearing & t r e s s  a t  s o l i d  

oompresslon equal t o  80,000 psi, 

o r  bandwidth governea by condi t ion ( g )  i s  r e l a t i v e l y  small 

80 t ha t  8 mean value of 

It i s  m e n  t h a t  the range 

G = 10,750,000 p s i  (1) 



200 

I80 

I60 

140 

I 2 0  

IO0 

go 

60 

40 

20 

0 

$ 

I PRETEMPERED ALLOY‘ S7€€1 WIRE 
2 PRETEIVIPERED CARBUN STEEL WIRE 
3 H h P D  DRAWN CAR0Onl STEEL WIRE 
4 ALLOY STEEL BAR SAE 6/50 OR SAE 4260 
5 ALLOY STEEL WIRE OR BAR A I S /  8655 
6 CARBON STEEL BAR SA€ I O 4 5  



239 



represented by the  broken l i n e  w i l l  reasonably approximate 

a l l  p r a c t i c a l  appl icat ions Furthermore, f o r  t he  purpose 

of t h i s  paper, the, l i m i t s  of t he  r a t i o  s h a l l  be taken as 

4 1 ; r i l O  D 

which include a l l  p r a c t i c a l  appl icat ion of heavy duty 

spr ings 

Included w i t h  Figure 26 i s  a t ab le  l i s t i n g  the 

corresponding values of the r a t i o s  3 and corresponding 

t o  condi t ions ( h )  and ( i ) ,  The graph and tab le  of Figure 26 

are  included i n  t h i s  paper as a convenience t o  the  designer 

D 4;, 

f o r  t he re  w i l l  be many appl icat ions where a shearing s t r e s s  

a t  s o l i d  compression of 80,000 p s i  i 8  convenient, e spec ia l ly  

for large diameter wire. However, the theory i s  i n  no way 

r e s t r i c t e d  t o  i t s  use and appl icat ions f o r  higher atresses 

may be e a s i l y  determined. It should be pointed out t h a t  

equation ( 9 - 6 )  and the graph and t ab l e  of Figure 26 include 

the stress conoentration and fat igue f a c t o r  %. 
With the a id  of Figure 26, a good indicat ion of the 

magnitude of the p i t ch  angle a and the f ac to r s  Fp 

and FM used i n  equation8 ( 7 - 7 ) ,  (7-a),  and (7-9) may be 

obtained. For any given oompression spr ing,  the p i t c h  

angle a w i l l  be grea tes t  a t  free length arid smallest  a t  

s o l i d  length.  From equation (1-6) 



Using the  values from Figure 26, for the  range defined by 

condi t ion (j), i t  i s  seen t h s t  t a n  aF w i l l  be small. 

Therefore, w i n g  condi t ion (f) and equations (7-2) 

and ( 7 - 6 ) ,  f o r  a l l  p r a c t i c a l  purpgses, 

I cos a = 1 

Fp = 1 (9-7) 

s h o e  f o r  any a p p l i e d  compressive force ,  a w i l l  be smaller 

than 9. For the  case of' a tension spr ing,  CL w i l l  ba, 

smallest a t  the f r e e  length condition and lapgest  under the 

applied loading so t ha t  the p i t ch  angle may not be able t o  

be considered small. Consequently, equations (9-7) mag 
not be va l id  f o r  a tension spring. 

With the  a id  of' conditions ( 9 - 7 )  and equation ( a ) ,  

equation (9-2) may be wri t ten  



'1 
,f 

which is  p lo t ted  a s  t w o  nornographs, Figure 27 and Figure 28. 

Since,  from condi t ions (91.i7), Fp 

force  per  un i t  def lec t ion  will be constant ,  dependent upon 

only the physical  p roper t ies  of the spr ing.  T h i s  value is 

termed the "spring constant" and Prom equation (9-2) will 

equal 

equals uni ty ,  the a x i a l  

vthich is  p lo t ted  a8 two nomographa, Figure 29 and Figure 30. 

The usual  procedure i n  designing h e l i c a l  spr ings i s  t o  

determine by t r i a l  the physical  propert iea  which w i l l  s a t i s f y  

given loading and de f l ec t  ion requirements and assumed 

mater ia l  cha rac t e r i s t i c s .  Generally, the ax ia l  load P, 

the spr ing constant k, and the l a t e r a l  def leo t ion  A w i l l  

be the given loading and def lec t ion  requirements. The 

assumed mater ia l  c h a r a c t e r i s t i c s  w i l l  be the wire mater ia l ,  

the t o r s i o n a l  modulus of e l a s t i c i t y  6, an8 the allowable 

shearing stress a t  s o l i d  compression T ~ .  As mentioned 

previously,  the e f feu t  of the l a t e r a l  de f l ec t ion  w i l l  be 

assumad t o  be srscondary so t ha t  the i n i t i a l  design of the 

spring w i l l  be f o r  a x i a l  load only. 

The three equations,  (9.6), ( 9 - 8 ) ,  and (9-9) 
r e w i t t e n  a s  equation (9-10) 
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a re  necessary and surf  i c i e n t  f o r  designing or  analyzing 

h e l i c a l  compression spr ings subjected t o  a x i a l  forces  only. 

The s t ab i l ' i t y  considerat ions are not included. The 

nomographs, Figures  24, 27, 28, 29, and 30 w i l l  aid the 

designer i n  obtaining solut ions f o r  equations (9-10). The 

only considerat ion t h a t  need be given t o  the e f f e c t  of t he  

l a t e r a l  def lec t ion  b ,  i n  the preliminary design f o r  a x i a l  

6p t h a t  i s  r e l a t i v e l y  low %, force only, is  t o  assume a r a t i o  

so tha t  there  w i l l  be, su f f i c i en t  a x i a l  def lec t ion  remaining 

t o  prevent c lashing of' CsoiZB. A value of 

neighborhood of' 0.5 i i s  general ly  a good t r i a l  value 

espec ia l ly  f o r  spr ings supporting heavy vibratory loading a 

6~ in the 
8, 

The problem of l a t e r a l  buckling of compressed close-  

co i led  h e l i c a l  springa i s  discussed i n  reference 3 .  The 

more general  ease for open-coiled spr ings will be developed 



here, 

f o r  a s o l i d  s t r u t  w i l l  equal 

From equat ions (7-27) and (7-28) , the o r i t i c a l  load 

where 

I C = 1 hinged ends 

C = 4 f ixed ends 

FOP a helical spping, us ing  equat ion (7-19) 

a l s o ,  the a x i a l  d e f l e c t i o n  due t o  t he  c r i t i o a l  load w i l l  

equal 

OF 

Cornbinlng equat ions ( 9 - 1 2 )  a& ( 9 - 4 ) ,  and using the 

equivalent  r i g i d i t y  f a c t o r s  expressed by equations ( 7 - 7 ) ,  

(7-81, and ( 7 = 9 ) ,  there r e s u l t s  
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where 

Equation (9-15) has one real  pos i t ive  root which 

determltnets the r a t i o  a t  whfch buckling of the spring 

o c c u r s .  
LF 

Equation (9-14) may be m i t t e n  

or 

where (EA),F is the equivalent compressive r i g i d i t y  for a 

h e l i c a l  erpring for the  free length condi t ion which, from 

equation (7-71, w i l l  equal 

Combitning equations (9-13) an8 (9-16) ,  there r e a u l t s  

_I- 'CR - 'CR = 1 - (e) + -  



- 7 P  

is determined f rom the  cubic equat ion (9-15). ?fG where 

For the open-coiled c a m ,  t h e  c r i t i c a l  buckling 

d e f l e c t  ion 8CR and the c r i t i c a l  buckl ing  fo rce  PcR are 

dependent upon the c o i l  p i t c h  angle  a as well a s  the 

p h y s i c a l  and m a t e r i a l  c h a r a c t e r i s t i c s  of the  spr ing .  

If the s p r i n g  m a t e r i a l  is carbon or a l l o y  st,sel 

s a t i s f y i n g  cond i t ion  ( f )  and is wi th in  the range def ined  by 

cond i t ion  ( J ) ,  then ,  f o r  c a l l  p r a c t i c a l  purposes, 

equatfons (9-7)  will be va l id .  U s i n g  equations ( 9 - 7 )  

and ( m ) ,  equat ion (9-15) becomes 

which is  the case f o r  c lose -co i l ed  sp r ings  rand conforms t o  

t h e  corresponding equat ion i n  reference 3 .  Also,  using 

equat ions  (1-7) and (9 -7 ) ,  equat ion (9-17) becomes 

are 'CR FOP the  olosse-coiled CaSe, 6CR 

determined f rom equat ions (9-18) and (9-19) arsrjl ape 

dependent upon only  the phys ica l  and m a t e r i a l  c h a r a c t e r i s t i c s  

of t h e  spr ing.  Figure 51, ins;lu&ed i n  re ference  3 ,  is a 





graph of the combined equations (9-18) and (9-19). 
fixed end condi t ion of Figure 3 1  i s  included in reference 9. 

The 

From a s a f e t y  standpoint,  i t  i s  advisable t o  design 

the  spr ing  so t h a t  the c r i t i c a l  load does not occur before 

s o l i d  compression. Assume that; PCR is  equal t o  the  load 

a t  s o l i d  compression P,. Then, from equations 

(I-LO), and (9-18) 

and 

Figure 32 i s  a graph of equations (9-21) 

(1-71, 

p lo t t ed  with the a id  of Figure 31, f o r  the p a r t i c u l a r  value8 

given i n  the t ab le  of Figure 26 and sa t i s fy ing  condi t ions  

( h )  and ( i ) .  

The design requirements f o r  h e l i c a l  spr ings,  subjected 

t o  a x i a l  loading only,  whiah w i l l  insure  s t a b i l i t y  for t he  

e n t i r e  loading range, from f r e e  length  t o  so l id  length,  are 

determined by equations (9 -21 )  and ( 9 - 2 2 )  and Figure 32. 

These requirements, rswritttan a8 equation8 f9-23), 
40 
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PF 1 

Figure 32 

n 

together  with equations ( 9 - l O ) ,  a re  necessary and su f f i c i en t  

f o r  the design and analysis  of stable h e l i c a l  compression 

spr ings subjected t o  axial  loading only o r  f o r  the  pre- 

l iminary design of h e l i c a l  compression springs subjected t o  

a x i a l  forces  and a l a t e r a l  def lec t ion  w i t h  the  spring ends 

remaining nominally p a r a l l e l  t o  the o r i g i n a l  c o i l  axis .  

As indicated i n  Figures 31 and 32, there  i s  a choice 

of two separate  curves; the hinged end and the  f ixed  end 

condi t ion,  If t h e  seat ing of the spr ing against  the base 

plate8 i s  square, and espec ia l ly  as indicated i n  Figure 2 (b ) ,  

the f ixed  end condi t ion w i l l  be approximated. Reference 9 
recommends the u s e  of the  fixed end condition. 

In  order t o  insure that  the h e l i c a l  spring, subjected 

t o  a x i a l  compressive forces  P, and a l a t e r a l  def lec t ion  A, 

is always a t a b b ,  it w i l l  be neaeesary t o  reer t r ic t  the 

m a x i m u m  A ,  The assumption w i l l  be made t h a t  t he  spr ing 
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ends are not clamped but t h a t  the  ax ia l  force P is always 

s u f f i c i e n t l y  large so  t h a t  the end cross  sect ions a r e  

always i n  f u l l  contact  w i t h  the  loading p l a t e .  

assumption r e s u l t s  i n  the same theory t h a t  appl ies  t o  

clamped o r  f ixed  ends wi th  the exception tha t  the l i m i t  

of A is depenaent upon P. The end conditions of the 

h e l i c a l  spr ing,  represented analogously by a solid membe; 

with c i r c u l a r  c ross  sect ion o f  diameter D, are  i l l u s t r a t e d  

i n  Figure 33. Since the spr ing ends are  not f ixed ,  the end 

moments must r e su l t  f rom the eccentr ic  appl icat ion of the 

a x i a l  f o r m s  and will equal 

T h i s  

where e i s  the  eccent r ic i ty .  Using equations (7-13) 

and b), 

h R L  e =.I + -  
2 2P 

I n  order for the end faces t o  be i n  f u l l  contact  

w i t h  the loading p l a t e s ,  the force  P must be within the 

middle kern of the end faoes.  Considering the end f me8 

of a o o i l  spr ing t o  be a t h i n  annulus, the boundaries of 

the middle kern will be so t ha t  li' 



1 
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and, from equat ion t o ) ,  

A H L 1  - + -  D P D ' Z  

o r  

b 1 j j s " 3  

where 

Hz $ # = I + -  
PA 

and, from equat ion (7-13), 

(9 -26)  

Using equat ions (8-7) and (9-24) , the a t r e  ss ampl i f i ca t ion  

f a c t o r  F becomes 

which, f o r  convenience, may be  w r f t t e n  

Figure 34 is  a nomograph of equat ion ( 9 - 2 9 ) .  

The factor S, expressed by equat ion (9-27) ,  i s  
P 

determined with the aid  of equat ions (7-17), (7-l8), and 

(7-30). Figure8 35, 3 6 ,  and 3'7 show, graphiaally, the 
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NP 2 aL * _. and - 
Pg6 ’ re la t ionship  between the quan t i t i e s  E, - 

If, for any pa r t i cu la r  appl icat ion,  the values of  - and 

NPE 

PE’ @A’ 

Q 

are  known, the value of - 2M is obtained from Figure 37 - 
QA 
and then S determined from equation (9 -2” )  However, the 

quan t i t i e s  - and - are  not r e a d i l y  avai lable  f o r  they P *PE 
PE OA 

are  interdependent w i t h  the  loaded length L. * 

Using equations ( 7 - 8 )  and (7 -19 )  

and, from equations (9-7) ,  

and, from eqwt lona  (f) and (9-7),  



-7 
2 

> 
.. 

The length of apring, under combined loading, w i l l  equal  

L = I J F - 6  (9-34) 
- 

and, from equation ( 7 - 2 2 ) ,  

or 
L = $ -  6P - % 

L = Lp - 6c 
where 

Lp = LF - 8p 

i s  the  length of sp r ing  due t o  the ac t ion  o f  the P load 

alone. From equat ion (7-31) 

where 2 i s  def ined by equation (7-32) Equation ( r )  may 

then be w r i t t e n  

L2 LpL + A22 = 0 (9-36) 

Figure 38 shows, graphical ly ,  the r e l a t fonah lp  
betseen 2, &% and - NPE and it i s  apparent that  Z is a 

2n' OA 

funot ion of L. If a value for 2 could be assumed, 

reasonably close t o  i t s  t rue  value, then equat ion ( 9 - 3 6 )  

would become, approximately, 
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which could be further approximated 

an8 using the posit ive sign 

L 
d 
- 

19-38) 

t 

19-40) 

Generally, the second term in the bracket of 

equation (9-40) w i l l  be small compared to  unity so that 

A more acaurate chtermination o f  equation (9-40), and hence 

equations (9-31) and ( 9 - 3 3 ) ,  may be obtained by combining 

equation (9-41) with equations (9-31)  and (9-33)  to obtain 

f irst  approximations Using these first approxlmationa and 

Figures 35 and 38, a first approximation of 2 may be 



266 

obtained,  

approximation for - w i l l  be obtained. The e n t i r e  p rows8  

can be repeated so that. any degree of  accuracy can be 

obtained. However, the  ~ 8 %  of the f i rs t  approximation 

only, represented by equation (9-41), will usua l ly  provide a 

Using this value and equation [9-40), a second 
L 
a 

degree of accuracy commensurate with t h a t  inherent i n  the 

development of equation ( 8 - 7 )  and i t s  u l t ima te  r e ~ u l t ,  

equat ion (9 -29)  e 

The s t a b i l i t y  cons idera t ions  f o r  a h e l i c a l  spr ing  

subjected t o  combined loading w i l l  be developed i n  l i k e  

manner t o  the case of a h e l i c a l  spr ing  subjected t o  axial 

load only. For the f ixed  end condi t ion  

- bpECR 

NPECR 
'CR - 

(GA)8CR 
1+4 

where t h e  subsc r ip t s  CR denote the  c r i t i c a l  length con- 

d i t i on .  Equation (9 -42)  may be wri t t en  



where 

and where 81 and A2 a r e  defined by equations (rn) . Using 

equations (9-44), equation (9-43) becomes 

(9-45) 

The spring length,  f o r  the c r i t i c a l  condition, will equal 

(t) %R = %? .. 'CR 

where, 



26% 

Combining equations (u) and ( v ) ,  there results 

Equating equations (9-45) and (9-46) 

which i s  s i m i l a r  i n  form t o  equation (9-15)  and becomes 
%CR ident i ca l  when - equals zero. 
% 

Equation (9-47) may be r e m i t t e n  

= I -  

and using equation (9-35) 

(9-48) 



From equat ion (7-32) 

and from equat ions (7-18), (9-431, and (9-44) 

- L A 7  

OP 

Equating equations (9-48) and (9-49 ) , t he re  re au l t  B 

2(1 -I- 2 'CR) 

(9-53) 

For olose co i l ed  spring8 composed of carbon or alloy s t e e l ,  

us ing equations ( f )  and (9-7),  

1 = 1.075 



then, us ing  the pos i t i ve  sign, equation (9-53) becomes 

Using equations (9-521, ( w ) ,  and (9-54) 

Equations (9-54) and (9-55) give t h e  r e l a t ionsh ip  

between - LCR - LF _. A and JCR ( Z C R  I s  a func t ion  
l p ’  D’ *’ 

O f  JcR). Although J C R  i s  a c t u a l l y  dependent upon 

LF LCR and - values for J ~ R  can be assumed and the 
- both F B ’  

lS from %R l-5?’ qF’ - D ’  and F r e l a t ionsh ip  e s t a b l i s h e d  between 

which so lu t ions  f o r  equation (9-46) can be obtained. 

a r e  two l imi t ing  condi t ions f o r  equat ions (9-54) and (9-55). 
When 

r e s u l t s  represented by t he  fixed end condl t ian  of Figure 31,  

Them 

A 
F equals  zero, the  condi t ion  of ax ia l  load only  

4 The m a x i m u m  condi t ion  f o r  - occurs when LF 

/ A \  

become imaginary, 3- For any g rea t e r  value, $! and 



-., 
‘3 

Figures  39, 40, alla 41 i l l u s t r a t e  graphica l ly  the 

s t a b i l i t y  condi t ions f o r  combined loading. It i s  apparent 

from Figure 4 l  tha t , fo r  values of - kl? grea te r  than about 5,  D 
them i s  grea te r  s t a b i l i t y  f o r  the combined loading condi t ion 

than f o r  the condi t ion o f  a x i a l  %Loa4 only,  This  e f f e c t  seems 

r a t h e r  unusual f o r  from a physical  conception of  the problem 

it would seem t h a t  any @.yen l a t e r a l  de f l ec t ion  should pro- - 
Ll? duce a decrease in s t a b i l i t y  f o r  the  e n t i r e  range of‘ T, 

although f o r  s lenderer  spr ings,  represented  by the larger 
values of - LF the decrease i n  s t a b i l i t y  should become 

D ’  
small. No explanat ion i s  offered f o r  t h i s  phenomenon. 

The design of a h e l i c a l  spr ing  subjected t o  an a x i a l  

aompressive fo rce  and a l a t e r a l  de f l ec t ion  wi th  the spr ing  

ends remaining nominally p a r a l l e l  t o  the o r i g i n a l  C O L I  axis 

d i f fe rs  from the usua l  case o f  an a x i a l  force  on ly  i n  two 

important r e spec t s .  F i r s t ,  a f a c t o r  F, expressed by 

equat ion ( 9 - 2 9 )  and determined with the  a id  of Figure 37, 
ampl i f ies  the stresses t h a t  r e s u l t  from the  a x i a l  fo rce  only 

a s  ind ica ted  by equat ion (8-11) which, f o r  convenience, may 

be wr i t t en  

z 
(9 -57)  

Second, the s t a b i l i t y  r e s t r i c t i o n s  of Figure 4.1 must not be 

exceeded. 
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This sect ion s h a l l  be devoted t o  an example i l l u s -  

t r a t i n g  the  use of previously devs lopd  formulas and graphs 

for the design of a h e l i c a l  spring subjected t o  an axial 

force and a l a t e r a l  def lec t ion  with the spr ing ends 

remaining nominally p a r a l l e l  t o  the o r ig ina l  c o i l  axis. 

Consider the bas ic  requirements t o  be 

1 P = 1750 lb 

k = 800 lb/in. (10-1) 

J b = 2.25 in .  

Assume the  wire mater ia l  i s  hot wound carbon o r  alloy steel 

with 

G = 10,750,000 P S i  

T8 = 80,000 p s i  
( 10-2 ) 

Ut the f i r a t  t r i a l  quant i ty  be 

- = 4  D 
d 

then, from Figure 

PF - -  a - 1.267 
F 

which could be obtained from the table  of Figure 26, s ince 

conditions (10-2) have been assumed. A value of the 
64 





‘b 

*. i 

i n  the neighborhood of 0.5 i s  generally des i r ab le ,  8P r a t i o  

From Figures  43 and & 

then from Figures 45 and 46 

k = 800 

Suf f i c i en t  information is now ava i l ab le  so that the 

following r e s u l t s :  

= 3  A - 2.25 
a 0*75 

P 
d 

1 0  = 20 x 1.267 - = 22.42 (10-8) 
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= 8 x -64.- x 0.3 x 10-3 = 0.3212 (10-10) 
1.267 

(10-11) 4 
-=I-----  

LF ;F) - & = Oo1185 
nT 

If equation (10-8) i s  used as a f irst  approximation, 

there results 

;4 
= 0.386 (10-12) 

and 



Using Figure 35 and equations (10-12) and (10-13) 

aL = 0.63 

and from Figure 38 

z = 0.67 

then  from equat ion (9-40) 

= 22.42 x 0.988 = 22.15 f 10-16) 

It i s  seen t h a t  t he  f i rs t  approximation, represented by 

equat ion (10-8), i s  s u f f i c i e n t l y  accurate .  Therefore, 

using equat ions (10-12) and (10-13) with Figure 37 

21 - = 0.82 
PEA 

and 

From Figure 47 

then 

(10-20) 
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and 

T =  0.793 x 80,000 = 6, ,400 Pa 

Using equations (10-9) and (10-11) and Figure 

( 10-21 ) 

The following physical c h a ~ a c t e r i s t i c s ,  together with 

conditions (10-2),  s a t i s f y  the basic requirements (10-1) : 

1 d = 0.75 in. 

t I) = 3 in .  

n = 20 

J Q, = 0.95 in .  

Furthermore, the stress under combined loading 

z = 62,400 p s i  

e 80,000 p a i  

t 10-25 ) 

(10.24). 

0.35 (10-25) 




